VECTOR FIELDS: INTRO, DIV, CURL [SST 13.1]

e THE FUNCTION LANDSCAPE:

FUNCTION TYPE PROTOTYPE MAPPING
(Scalar) Function y = f(x) i R—>R

2D Vector Function F(t) = (fi1(t), f2(t)) F:R — R?

3D Vector Function | F(t) = (fi(t), f2(t), fs(t)) | F:R — R?
Function of 2 Variables z= f(z,y) f:R?SR
Function of 3 Variables w= f(z,y,2) f:R* =R
2D Vector Field F(z,y) = (M(z,y), N(z,y)) F:R? - R?
3D Vector Field | F(z,y,2) = (M(z,vy,2), N(z,y, 2), P(z,y,2)) | F:R®* = R?

— Going forward, multivariable functions f(z,y), g(x,y, 2) may be referred to as scalar fields.

— As with vectors, vector fields have similar definitions of scalar multiplication, addition, dot product & cross product.

e 2D VECTOR FIELDS: (Let 2D vector field F(z,y) € CD s.t. F(z,y) = (M(m,y),N(m,y)).)

— (Del Operator) V:= <2 2>

oz’ dy
— (Divergence) divF =V F:= %—M %—N =M, + Ny
— (Curl) curl F=V x F := ; g E —<0067N_07M>
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e 3D VECTOR FIELDS: (Let 3D vector field F(z,y,z) € cL gy, F(z,y,2) = (M(z,y,2), N(m,y,z),P(x,y,z)).)

— (Del Operator) V := <g g g>

ox’ Oy’ Oz
— (Divergence) divFEV-F:—%—]\;+%—Z+%—P—M + Ny + P.
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(Curl) crl F=V x F: 55 By b2 <3y % B2 % Om (9y>
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e LAPLACIAN:

— Given 2D scalar field f(z,y) € c®2

o’f | O*f
2. d;5 — . - J P
V2 f :=div (grad f) =V.Vf= 92 + By = foz + fyy
— Given 3D scalar field f(z,y,z2) € c22)
o’f | O*f | O*f
2 _ —_ 4 - J - J
V2 f = div (gradf) V- Vf—a 2+3y t 552 = fox + fyy + foz

— A scalar field f is harmonic if V2f = 0.

e VECTOR CALCULUS PROPERTIES & IDENTITIES:
V- (kF)=kV-F VX( F)=kVxF
V- F+£+G)=V-F+V-G x(F£G)=VxF+VxG
V- (fF)=f(V-F)+(Vf-F) x (fF) = (VxF) (VfxF)
V- (VxF)= x (Vf)=0
V-
v

(fVg)=fV-(Vg)+Vf-Vg
(FxG)=(VxF)-G-F-(VxG)
V3(fg) = fV?g+2Vf-Vg+gV3f
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Given vector field F(x,y) =zi+ (y2)§: (z,y?), compute:
F(1,2) 5F () | zyF d|v-F ()| v -Fa,2)
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EX 13.1.2:| Given vector fields ﬁ(x,y,z) = (x,9%,2%) and é(az,y,z) = (zy, yz,xz), compute:

6(1,2,73) (b) | F- ) |Fxé d)|vxéG (e) |V x G(=2,0,1)
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Given scalar fields f(z,y) = coszsiny and g(z,y,2) = e*™¥*, compute:
vif V2 f(r/3,7/3) (c)| Vg v2(1,0,0)

EX 13.1.4: | Given vector field F = Vf, where f(z,vy,2) = 2y?2*, compute V - F.
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EX 13.1.5:| Given vector field ﬁ(w,y, z) = xyz/i\—l— y§+ 2k = (zyz,y, z), compute:
vXﬁ [(b)| V- (Vv x H) Vx(VXﬁ)
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EX 13.1.6: Is f(z,y,2) = /14 22 + y2 + 22 harmonic in R®*? (Justify answer)
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