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PART |

PART I:
PARTIAL DERIVATIVES
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1¥-Order Partial Derivatives of f(x, y)

Definition
Given a function of two variables f(x, y):

of

f(x+Ax7y) _f(x7y>

(Partial Derivative of f w.r.t. x) e A1)12O

Ax

8f lim f(x,y+Ay) _f(x’y)

(Partial Derivative of f w.r.t. y) BN = fm,

Ay

w.r.t = "with respect to”
NOTATION:

"partial f partial x” | 3 Ef(x,y)_ fx

"partial f partial y" | & yyif(x,y)_ 5y
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1*-Order Partial Derivatives of f(x, y)

WEX 11-3-1: Letf(x,y) =xy. Compute % using the definition.
g = lim f(x t AX7 y) _f(x7 y) = lim w
Ox Ax—0 Ax Ax—0 Ax

Xy + YAx — xy yAx
= 2o = lim S = lim y=
Al)lglo Ax A,lrIBO Ax A}Boy

WEX 11-3-2: Letf(x,y) = xy. Compute Z—J; using the definition.
ay Ay—0 Ay Ay—0 Ay

. xyF+xAy—xy . xAy
= lim —————— = lim — = 1 =
A% Ay a0 Ay avso”

Josh Engwer (TTU) Functions of Several Variables: Partial Derivatives 24 September 2013



1’"-Order Partial Derivatives of Multivariable Functions

Just as in Calculus 1, using the definition of a partial derivative is, in general,
tedious at best and untenable at worst!

Fortunately, there’s an easier procedure:

Use the ordinary derivative rules from Calculus I,

but treat the other independent variable(s) as constants.
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Review of Ordinary Derivative Rules from Calculus |

DERIVATIVE RULE FORMULA REMARKS
d
Constant Rule = [k} = keR
Power Rule 4 xk} = k! keR
dx L
Constant Multiple Rule % kf(x)} df keR
. d
Sum/Difference Rule I [f( )£ g(x )}
dr dg
Product Rule 1) g(x} f )dg)
: d f( ) ﬂ dx
Quotient Rule pm [g(x)} gx)#£0
Chain Rule (usual form) [ o(x )]} 7'ls ( )] ( ) Fog=flg()]

QUOTIENT RULE: "Lo D-Hi Minus Hi D-Lo All Over Lo-Squared”
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Review of Ordinary Derivative Rules from Calculus |

° 4 [sinx] = cosx — [cosx] = —sinx
dx B dx B
d
° o [tan x] = sec?x o [cotx] = —csc?x
° 4 [sec x] = secxtan 4 [cscx] = —cscxcot
7y [seca] = secxtanx oy lesea] = xcotx
d d
0 —|¢f] = — [Inx| = -
o [¢] = ¢ o [Inx] <
d d 1 1
o L' = (Ina)a* < llog, x] = -
d.x [a ] ( na)a dx [ oga x] (ln a) x
(a>0) (a>0anda#1)
° [arcsin x| ! d [arccos x] !
— Xl = — X =-
dx V1—x2 V1—x?
° 4 [arctan x] = L 4 [arccot x| = L
dx 142 dx IR
d 1 d 1
@ — [arcsec x] = — [arcesc x] = —

dx [x|vV/x2 —1 dx |x|vV/x2 —1
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1*-Order Partial Derivatives of f(x, y)

WEX 11-3-3: Letf(x,y) = xy. Compute %
o 0 .
% = B {xy} (Gomg forward, treat y as a constant)
o) ,
= V5 x} (Constant Multiple Rule)
= (1) (Power Rule)

WEX 11-3-4: Letf(x,y) = xy. Compute g—];

Zi; = gy{xy} = (Now treatxas a constant) = xa% M =x(1) =
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1*"-Order Partials of f(x,y) (Interpretation)

Recall the interpretation of the 1*-order ordinary derivative of f(x):

d) .
d—f measures the (instantaneous) rate of change of f as x changes.
X

Now, here’s the interpretation of the 1¥-Order Partials of f(x, y):

of

i measures the rate of change of f as x changes, holding y constant.
of

a measures the rate of change of f as y changes, holding x constant.

WEX 11-3-5: In physics, Ohm’s Law is E = IR, where E = Voltage, I =
Current, R = Resistance.

OE .
i measures the rate of change of Voltage as Current changes, holding
Resistance constant.

OE . .
R measures the rate of change of Voltage as Resistance changes, holding
Current constant.
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1*-Order Partials of f(x,y) (Geometric Interpretation)

Tangent line of

slope 'r_""u % oz

Tangent line of
slope f (xg ¥
z=fixy) [ ol

2= flx, ¥)

—The plane

(xg: Yol x=Xa

Geometrically:

g o) is the slope of the tangent line to the intersection of surface f
X 1(x0,Y0

with plane y = y.

? o) is the slope of the tangent line to the intersection of surface f
'V 1(x0,y0
with plane x = xy.
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1*-Order Partial Derivatives of f(x, y, z)

Definition

Given a function of three variables f(x, y, z):

(Partial Derivative of f w.r.t. x) =

% lim f(x+Ax,y,z) —f(x7y72)

ox Ax—0 Ax
(Partial Derivative of f wrt. y) 2 :— lim GHAREIRS Labit)
(9_)) Ay—0 Ay
(Partial Derivative of f wrt. 5) 2 = fym L5222 /(65,9
0z Az—0 Az
NOTATION:
"partial f partial x” | £ | 2 )] | £
“partial f partial y” %; 8% _f(x,% Z)_ 5
"partial f partial 2 | & | 2 fev )] | £
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1%-Order Partial Derivatives of f(x, y, z)

WEX 11-3-6: Letf(x,y,z) = xyz. Compute g—f
X

) 9

= {xyz] = (Now treaty & z as constants) =yig. M =yz(1) =

WEX 11:3-7: Letf(r,y,z) = xyz. Compute gi;

of 0

N = 87 {xyz} = (Now treat x & z as constants) = xz(% M =uxz(1) =

WEX 11-3-8: Let f(x,y,z) = xyz. Compute ?
Z

%]; = a%[xyz} = (Now treatx & y as constants) = xya% M =xy(1) =
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1*-Order Partials of f(x,y,z) (Interpretation)

Recall the interpretation of the 1*’-order ordinary derivative of f(x):

daf

I measures the (instantaneous) rate of change of f as x changes.

Now, here’s the interpretation of the 1¥-Order Partials of f(x,y, z):

of

o measures the rate of change of f as x changes, holding y & z constant.
X

of

e measures the rate of change of f as y changes, holding x & z constant.
y

? measures the rate of change of f as z changes, holding x & y constant.
Z
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2"-Order Partial Derivatives of f(x, y)

Pf 9
a2 Ox
Ff 9
ayox 9y
Ff 9
oxdy Ox
)
o Oy

L0
REMARK: Byon

and

o
| Ox |
o
| Ox |
o
L Oy |
o
L Oy |

= (B = fu
= Ky = fo
= (hhx = fu
= )y = fy
>f
Oxy

are often called the mixed 2"¢ partials of f.
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2"-Order Partial Derivatives of f(x,y, z)

% = gngi: = (fx)x = Jfu
g;]; = gygj; = (fy)y = fu
g;z - gzgf; - () = £
%{C - (,fzgf - (). = f
aizgz . gc:gf; - s
55 = 53] = W =5
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3-QOrder Partial Derivatives of f(x, y)

o’
o3
o
OyOx?
o’
O0x0y0x
Pf
dy?0x
o*f
Ox2dy
o*f
0y0xdy
o’
Ox0y?
o

0y?

o [0
o 7]

O
5 |57

o [ 0]
Ox | Dydx |
o[ 0]
9y | 9yox |
o [ 0]
dx | Oxdy |
o [ 0]
dy | 0xdy |

o [0
o o]

O
dy {8y }

rof 1]

:8f_:
[ Ox] ]
_8f__

:af_ 3
[ Ox ] ]
For1]
L0y ] |
o]
L0y ] |
For 1]
L9y ] ]
For1]
L9y ] ]

Ox |

Ox |

oo
feoy
o
fon
foer
foos
o
Fos
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3_Order Partial Derivatives of f(x, y, z)

There are 27 3'“-order partials — too many to list! Here are seven of them:
| Ox |

o*f
ox3
o’
03
o’
0z0y?
o’
Ox%0z
*f
0x0z0x
o*f
Ox0y0dz
o’
0z0y0x

0
ox
0
0z
9
oz
9
ox
9
ox
0
ox
0
dz

0
[0y
e
| 0x0z |
P
| 0z0x |
F o
| 9y0z_
F o ]
| OyOx |

07? |

0
ox
9
dz
0
Oz
9
dx
9
Ox
0
ox
0

0z

[0

dx

[0
E
[ O
Oy
[ o
o
(o

9z

[0
|9y
[0
Oy

e
0] ]
o
[0z |
St
9y ]
St
| 0z]
goct
[ 0x] ]
ot
|0z ]
goek
[0x] ]

Jror
Jez
Fye
Joxx
feax
Joyx

f xyz
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PART Il

PART II:
TOTAL DIFFERENTIALS & ERROR ESTIMATION
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Total Differentials

Definition
i f o ,
Given f(x,y). Then, Total differential df := —~dx + - Dy dy
Given f(x,y,z). Then, Total differential df := c’)de_ gfd + gf

WEX 11-3-9: Find the total differential of f(x,y) = sin(xy).
First, find the 1*-order partials of f:

fi= % {sin(xy)} = (Treat yasa constant) = cos(xy) [xy} = ycos(xy)

Sl Pl

f= gy[sin(xy)} = (Treatx asa constant) = cos(xy) [xy} = xcos(xy)

= df =fidx+f, dy :‘ycos(xy) dx + x cos(xy) dy‘
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Measurements are Never 100% Accurate

If there’s error in measuring x and y, how can one estimate the error in f(x,y)?
If there’s error in measuring x,y,z, how can one estimate the error in g(x,y,z)?
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Linear Error Approximation

Given f(x,y) and "small” errors Ax, Ay in x, y.

Then, Linear error Af =~ 8—fA I gf

Given f(x,y, z) and "small” errors Ax, Ay, Az in x,y, z.
o of o A

Then, Linear error Af a—A X+ By —Ay+ — 8

REMARK: The error is "linear” in the sense that the expression contains no
powers of Ax or Ay.
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Linear Error Approximation

WEX 11-3-10: Given f(x,y) = ¢¥ and "small” errors Ax, Ay in x, y, find the
linear error Af.

First, find the 1*-order partials of f:

= % {exy] = (Treat yasa constant) = exy% [xy} — ye¥
= a%[e"y} = (Treatx asa constant) = e*ya% {xy} — xe™

Next, find the total differential df:
df =f, dx+f, dy = ye® dx + xe® dy
Finally, find the linear error Af:

‘ Af = ye Ax + xe® Ay ‘

Josh Engwer (TTU) Functions of Several Variables: Partial Derivatives 24 September 2013



Notation for Continuous Derivatives (Calculus 1)

Recall the notation for a continuous function f onasetS: f e C(S)

Definition
Given f(x) and set S CR. Then:

fec(s) < f.f €cC(s)

FeC¥S) < f.f.f" €C(S)
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Notation for Continuous Partial Derivatives

Recall the notation for a continuous function f on asetS: f € C(S)

Definition
Given f(x,y) and set S C R>. Then:

fecl(s) < f.fi.f, € C(S)

fe c@? (S) = f7f;c7f;/7fx)c7f;’y7‘ﬁfy,f;'x € C(S)

Definition
Given f(x,y,z) and set S C R?. Then:

fecb(S) < f.fi.fi.f: € C(S)

€ CC2D(S) <= f, o, fosfosfousfyys Fozs s s fos foxs foos oy € C(S)
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Differentiability

(Sufficient Condition for Differentiability)

Givenf(x,y), thenf is differentiable on set S C R? iff ¢ C('1)(S)
Givenf(x,y,z), thenf is differentiable on setS C R iff € C(1:1:1)(s)

REMARK: To learn the necessary condition(s) for differentiability of f(x,y) or
f(x,y,2), take Advanced Calculus.
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