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PART |

PART I:
MULTIVARIABLE CHAIN RULES
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1-1 Chain Rule (from Calculus 1)

Lety = f(x) € C! where x = g(t) € C".

Determine the chain rule formula for %
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1-1 Chain Rule (from Calculus 1)

Lety =f(x) € C' where x = g(r) € C.

. d
Determine the chain rule formula for y.

First, sketch the dependency tree for y:

Y

dx

T

dz
dt
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1-1 Chain Rule (from Calculus 1)
Lety = f(x) € C' where x = g(t) € C".
Determine the chain rule formula for %

"Slide down” the tree:

Yy
dx
xr
dt
t
dy dydx
Th —_— ==
en. dt  dxdt
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1-1 Chain Rule (from Calculus I)

Proposition
Lety = f(x) € C' where x = g(t) € C'. Then:

dy _ dydx
dt  dx dt

Y

t

"1-1” means 1 intermediate variable (x) and 1 independent variable (7).
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1-2 Chain Rule

Let z = f(x) € C' where x = g(s,t) € C(I:1),

0z g 02

Determine the chain rule formulas for
Os Ot
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1-2 Chain Rule

Let z = f(x) € C' where x = g(s,1) € C(I:1),

Determine the chain rule formulas for @ & %

Os
First, sketch the dependency tree for z:

s
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1-2 Chain Rule

Let z = f(x) € C' where x = g(s,t) € C(I.1),
Determine the chain rule formulas for % & %
A

"Slide down” the branch of the tree that has s as its bottom node (in red):

b
~

0 _doe
" Os  dxOs
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1-2 Chain Rule

Let z = f(x) € C' where x = g(s,t) € C(I.1),
Determine the chain rule formulas for % & %
A

"Slide down” the branch of the tree that has ¢ as its bottom node (in red):

b
~

o _dion
"It dx Ot
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1-2 Chain Rule

Proposition
Letz =f(x) € C' where x = g(s,t) € C(bD. Then:

o _dzox 0 _dion
Os  dx Os Ot dx ot

S t

"1-2” means 1 intermediate variable (x) and 2 independent var’s (s, ¢).
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2-1 Chain Rule

Letz=f(x,y) € C') where x = g(r) € C' and y = h(t) € C'.

Determine the chain rule formula for %
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2-1 Chain Rule

Letz=f(x,y) € C') where x = g(r) € C' and y = h(t) € C'.
. . d
Determine the chain rule formula for jz

First, sketch the dependency tree for z:

Z

dt dt
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2-1 Chain Rule

Letz=f(x,y) € C') where x = g(r) € C' and y = h(t) € C'.
. . d
Determine the chain rule formula for Zj

"Slide down” each branch of the tree that has r as its bottom node (in red).

Z

dt dt

dz Ozdx Ozdy
Then, &= = == 4 =22
o u Ox dr Oy dt
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2-1 Chain Rule

Proposition
Letz = f(x,y) € C') where x = g(f) € C' andy = h(t) € C'. Then:

dz  Ozdx = Ozdy
dt  Oxdt Oydt

Z
Dz
dy

dx dy
dt dt

"2-1” means 2 intermediate var’s (x,y) and 1 independent variable (¢).
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2-2 Chain Rule

Let z = f(x,y) € C(bD) where x = g(s,7) € "D and y = h(s, 1) € C(ID,
0z

Determine the chain rule formula for % & —.
Os Ot
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2-2 Chain Rule

Letz = f(x,y) € C(\D) where x = g(s,7) € C"D and y = h(s, 1) € C(1D,

0z ., 0z
TS

First, sketch the dependency tree for z:

Determine the chain rule formula for
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2-2 Chain Rule

Let z = f(x,y) € C(\D) where x = g(s,7) € "D and y = h(s, 1) € C(hD,
Determine the chain rule formula for % & %
Os Ot

"Slide down” each branch of the tree that has s as its bottom node (in red).

0 _0:ox 00y
ds OxOs OyO0s
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2-2 Chain Rule

Let z = f(x,y) € C(\D) where x = g(s,7) € "D and y = h(s, 1) € C(hD,
Determine the chain rule formula for % & %
Os Ot

"Slide down” each branch of the tree that has ¢ as its bottom node (in red).

o _0:0x 00y
ot Ox0t Oyot
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2-2 Chain Rule

Proposition
Letz = f(x,y) € C') where x = g(s,t) € CWY) andy = h(s,t) € C(bD.  Then:

0: _osox 0sdy  0x_0:ox | 0y

B5 0x8s ' Byos 5 Bx0f | 5y or

"2-2” means 2 intermediate var’s (x,y) and 2 independent var’s (s,?).
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1-3 Chain Rule

Proposition
Letz =f(x) € C' wherex = g(r,s,t) € C"LD . Then:

o _ oy 0 _didx 0 _did
or  dxor Os  dx Os Ot dx ot

dz

”1-3” means 1 intermediate variable (x) and 3 independent var’s (r, s, 7).
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3-1 Chain Rule

Proposition
Letw = f(x,y,z) € CWLY st x = g(t) € C', y = h(t) € C', z = p(t) € C'. Then:

dw awd_x 8_wﬂ ow dz

dt  Oxdr ' Oydt ' Oz dt

w

"3-1” means 3 intermediate var’s (x,y,z) and 1 independent variable (7).
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2-3 Chain Rule

Proposition

Letz =f(x,y) € CUD st x = g(r,s5,1) € CHLD, y = h(r,s,1) € CLLY, Then:

O _0:or 0:0y 0 _0udx by 0 _%idx 0:dy
or  OxOr 0Oyor ds OxO0s OyO0s ot Oxot Oyot

~

"2-3” means 2 intermediate var’s (x,y) and 3 independent var’s (r,s,r).
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3-2 Chain Rule

Proposition

Letw =f(x,y,z) € CUD st x = g(s,1), y = h(s, 1), z = p(

= p(s,t). Then:
ow _Owodx Owdy Owiz 8_w Owox Owdy Owoz
ds  OxdOs  dyds 9z 0s ot Ox ot dy ot 9z or
w
ow Jw
Jdx @ 0z
Jdy
X
B\ A A
Js ot Os
s t S

"3-2” means 3 intermediate var’s (x,y,z) and 2 independent var’s (s, ).
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3-3 Chain Rule

Proposition
Letw =f(x,y,z) € CUD st x = g(r,s,1), y = h(r,s,1), z = p(r,s,t). Then:
Ov_Owox Owdy Owdi v _Owdx Owdy  Owo
or  OxOr Odyor 0z 0Or Os Ox0s Oyds 0z 0s
dw_owdn _owiy  owo
ot Ox 0Ot 9y ot 0z 0t

w

"3-3” means 3 intermediate var’s (x,y,z) and 3 independent var’s (r, s, ).
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PART Il

PART II:
IMPLICIT DIFFERENTIATION
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Implicit Differentiation (2-Variable Function)

Proposition
Let F(x,y) = 0 s.t. F € C(\V) andy is implicitly a function of x. Then:

F ,
@ _ —F", provided F, # 0
y

dx
Fla,y)
oF oF
1 dy
x Y
N OF n OF dy %
Ox  Oydx
ok o :
Jdy dx oF Ox
d o F
— @ _% -
dx 5 F,
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Implicit Differentiation (3-Variable Function)

Proposition
LetF(x,y,z) = 0 s.t. F € C("1'D) and 7 is implicitly a function of (x,y). Then:
0 F .
a—i =5 provided F, # 0
%
0 F. ,
6_§ = _Fy’ provided F, # 0
Z
Fla,y,z)
IF oF
Ox oF Dz
OF [0x = g )
aF OF az ! ! A
== —+ —=—=0 2z [\ %2
0z Ox ar/ \oy
N (“)F 0z  OF
97 0x _ ox ’ Y
— 8Z gx - Fx
e
ox af F,

Similarly for 9z/0y
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Related Rates....Revisited

WEX 11-5-1:

A rectangle is changing in such a way that its length ¢ is decreasing at a rate
of 4 mm/min and its width w is increasing at a rate of 10 mm/min.

At what rates are its area & perimeter changing when the length is 5 mm and
the width is 12 mm?

1*, realize that the independent variable is time (¢).

2" recall the formulas for area & perimeter: A = fw P =204 2w.
dA  OAdl OAdw dP  OPdl¢ OPdw
rd no_4n : il e d vaaw o _ e oraw
3", use "2-1" Chain Rule: dt 00 dt + Ow dt dt 00 dt + Oow dt
4™ extract info: £ =5, w = 12, a _ —4, dw _ 10.
dt dt
O0A OA OP oP
th i b — = frd —_— = _—= _ =
5™, compute the partials: 5 w=12, o /=5 5 2, o 2

- 008 (15)(-4)» ) ) - o]
7 S () () (2 )

dt ol dt  Ow dt
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