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Triple Integrals (Definition & Geometric Interpretation)

(Riemann Sum Definition of the Triple Integral)

Let E C R3 be a closed and bounded solid and f(x, y,z) € C(E).
Then the triple integral of f over E is defined to be

N
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Proposition
(The Triple Integral as a Volume)

Let E ¢ R? be a closed and bounded solid.
Then the volume of the solid E is defined to be

I
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Triple Integrals (Riemman Sum Definition)

Partition solid £ into N boxes. each with volume AV
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E" box
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Triple Integrals (Properties)

Let set E be a closed & bounded solid in R3.
Let functions f(x,y, z) & g(x,y,z) be defined & continuous on E.
Letk € R.

Constant Multiple Rule: /// kf dV = k// fdv
E E
Sum/Difference Rule: /// {fﬂ:g] dv = // fdv+ ///g dv
E E E

Nonnegativity Rule: f(x,y,z) >0 V(x,y,2) € E = ///f dv >0
E

Dominance Rule:

Sl y,2) <glx,yz) V(x,y,z) €E = ///Efdvg///Eng

Solid Additivity Rule:

E=EUE — ///Ede://EldeJr//Ezde
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Triple Integrals written as lterated Integrals

Using the Riemann Sum Def’n to compute ///f dV is too tedious & hard!
E

Instead write the triple integral as an iterated integral:

hz(x,y

///de // / f(x,y,z) dz dy dx
g1(x)  Jhi(xy)
d  rga(y)  pha(y,2)

// de:/ / / f(x,y,2) dx dz dy
E c Jg(y) Jhi(y,2)

OR

g r86(z)  rhe(x,2)
[[[rav=[ [ [ “reroaaa
E p Jgs(2) Jhs(x,2)

To compute an iterated integral, compute the “inner integral” first, then
compute the "middle integral”, then compute the "outer integral.”
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Triple Integrals written as lterated Integrals

Using the Riemann Sum Def’n to compute ///f dV is too tedious & hard!
E

Instead write the triple integral as an iterated integral:

gs(y)  rhs(x.y)
///de // f(x,y,2) dz dx dy
g1 (y) Jhr(xy)
g rg0(z)  phio(y,2)
// de:/ / / f(x,y,2) dx dy dz
E P Jgo(z) Jho(y,2)

OR
b prgn(x)  phia(x,z)
// de:/ / / F(x,y,2) dy dz dx
E a Jgn(x) hi1(x,2)

To compute an iterated integral, compute the “inner integral” first, then
compute the "middle integral”, then compute the "outer integral.”
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Volume of a Box using Triple Integrals

Il
=

™

Back Plane

Left Plane "ﬁ? T =b

y=c¢ T=a

Bottom Plane
2=y

b pd prq d b pq b prq pd
/// dV:/ / / dzdydx:/ // dzdxdy:/ / / dy dz dx
E a c p c a Jp a Jp c
q rb pd d prq b q prd b
:/ / / dydxdz:/ / / dxdzdyz/ / / dx dy dz
p Ja Jc c Jp Ja p Je Ja
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Volume of a z-Simple Solid using Triple Integrals

Top Surface: z = fs(z,y)

Bottom Surface: z = fi(z,y)
Y

Projection of solid E onto zy-plane

T
Top BS of E fo x))
L= T femsnns ] = Iy ]
E D | J/Bottom BS of E fi(xy)

BS = Boundary Surface
REMARK: After computing the inner integral, if the double integral is too hard
to compute, rewrite double integral in polar coordinates.
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Volume of a z-Simple Solid using Triple Integrals

- Top Surface: z = fa(z,y)

Bottom Surface: z = fi(z,y)

>Y

Projection of solid E onto zy-plane
T
Largest x-coordinD ,TopBCinD ,TopBSof E
[[[av=] / / dz dy d
E Smallest x-coord in D J/Btm BC of D ./Bottom BS of £
REMARK: This iterated triple integral is for illustration only!
Top BS of E

It's far less error-prone to start with / / / dz
D Bottom BS of E
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Volume of a z-Simple Solid using Triple Integrals

- Top Surface: z = f5(z,y)

Bottom Surface: z = fi(z,y)

Y
Projection of solid E onto zy-plane
x
Largest y-coordin D Right BCinD ,Top BS of E
///de/ / / dz dx dy
E Smallest y-coord in D JLeft BC of D Bottom BS of E
REMARK: This iterated triple integral is for illustration only!

Top BS of E
It's far less error-prone to start with / / / dz
D Bottom BS of E

dA
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Volume of a y-Simple Solid (Optional)

P g Left Surface: y = g1(z, 2)

Right Surface: y = gs(z, 2)

Y

Projection of solid £ onto zz-plane

X
Right BS of £ 82(x,2)
[ I Lo = [ ]
E D Left BS of E g1(x,2)
BS = Boundary Surface
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Volume of a x-Simple Solid (Optional)

Projection of solid £ onto yz-plane

A
A

&y
? Back Surface: z = hy(y, 2)

&Front Surface: = = ha(y, 2)

T
Front BS of E ha (v,2)
[[[ov=][ [/ o] - [ [/ dx] a
E D | JBack BSof E D | Jhi(y,2)

BS = Boundary Surface
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