Josh Engwer (TTU)

Line Integrals

Calculus Il

Josh Engwer
TTU

11 November 2014

Line Integrals

11 November 2014

1/25



PART |

PART I:
LINE INTEGRALS OF SCALAR FIELDS
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Line Integral of a Scalar Field f in R? (Derivation)

t=>
r
t=a x = x(t)
Given smooth curve I': ¢ y = y(t)
t € [a,b]
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Line Integral of a Scalar Field f in R? (Derivation)

ty=b

t() =a
Partition curve I' into NV subarcs & line segments
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Line Integral of a Scalar Field f in R? (Derivation)

ty=b

(23 97)

t()za

Pick a point (27, ;) on the kM subare
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Line Integral of a Scalar Field f in R? (Derivation)

(,* *) tN=b

t()za

Label the sides of the k" right triangle
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Line Integral of a Scalar Field f in R? (Derivation)

ty =b

t()za,

sy = /(D) + (Mg
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Line Integral of a Scalar Field f in R? (Derivation)

tar=D>
(7. vf) N

th=a

N
i 3" 7 (o) sk = [ Sl ds
I
k=1

N—oo
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Line Integral of a Scalar Field f in R? (Derivation)

Asp = 1/ (Axe)* + (Ayg)?

— ds = \/(dx)* + (dy)* (After taking limits on both sides)

x = x(1)
Now, the parameterization of ' : { y = y(¢)
t € a,b]
h =x(t) = dx=4x'(t) dt
dt
dy

= - =y(1) = dy=y(t) dt

cods =\ OF + () de

o[ ey as= | o] I OF + b

Line Integral

Ordinary Single Integral
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Line Integral of a Scalar Field in R? (Definition)

Definition
x = x(1)

Given smooth curve ' : ¢y =y(¢) and scalar field f(x,y) € C(I")
t € [a,b]

Then the line integral of f over curve T is defined to be

[y dsi= [ ' [+0.50] O + b0

REMARK: Very often, the curve is denoted by C:
b
[rwy asi= [ 00w or + or a
C a
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Line Integral of a Scalar Field in R? (Definition)

x = x(1)
Given smooth curve T : ﬁzzég and scalar field f(x,y,z) € C(T").
t € [a,b]

Then the line integral of f over curve T is defined to be

Jrwsaas= [ P00, 20] W OP + W OF + 0P a

REMARK: Very often, the curve is denoted by C:

[rterzyasi= [ sl 0,20)OF + W OF + 0P a
C a
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Line Integral over a Piecewise Smooth Curve

C:C1UC2UC3:>/fds: fds+ | fds+ [ fds
C Cy Cy C3
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Parameterizing Curves

TASK: Parameterize a curve starting at r = ¢ and ending at r = b.

CURVE PARAMETERIZATION
xX=1
y=r(x) {y—f®
t € la,b]
{x=g@
x=g(y) y=t
t € a,b]
X =rcost
+y=r y = rsint
t € |a,b]
2 y2 x:AcF)st
—+==1 y = Bsint
ar B { t € [a,b]
) B x=Asect
%—%:1 {y:Btant
t € [a,b]

REMARK: Parameterizations are NOT unique.
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Line Integral (Curve Orientation)

(1,1) (1,1)
2
0,0) (0,0)
a(t) =t a(t)=1—1
C: y(t)zt —C:Quylt)y=1—t
€ [0.1] te 0.1

t =0 — point (0,0) t =0 — point (1,1)
t=1— point (1,1) t =1 — point (0,0)

[ riefru
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Line Integral (Curve Orientation)

(=2, 0) (2,0)  (=2,0) (2,0)
x(t) = 2cost x(t) = —2cost
C: < y(t) =2sint —C: ¢ y(t)=2sint
t € [0, 7] t € [0, 7]
t =0 — point (2, 0) t =0 — point (—2,0)
t =1 — point (—2,0) t =m — point (2, 0)

/_Cfds=—/cfds
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Parameterizing Line Segments

Q(‘I:l: Y1, Zl)
o
P(z0, Yo, z0)
= (1 = t)wg + tx T =0+ (11 — x)t
L —tyo +ty y=uyo+ (11— o)t
' : = — ('
=(1—t)z+tz z=z)+ (/«1 - ~o)

t €[0,1] te0,1]
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Line Integral of a Scalar Field f in R? w.r.t. x, y

x f
Given smooth curve C : { y
t

= x(1)
=y(t) and continuous scalar field f (x,y).
€ la,b

[

Then:

s as= [ [xw.0] ¢0

[ as= [ [xw.0] vo
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Line Integral of a Scalar Field f in R3 w.r.t. x, y, z

Given smooth curve C :

Then:

b -
Lotz ae= [ flx0.50.50)

J s dy= [ 1[x0).50.50)

b .
Jrsa de= [ r[xt0.50).200]
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Line Integrals (Thin Wires)

Proposition
(Center of Mass of a Thin Wire)
Given smooth curve C : {x = x(z), y=y(t), z=2z2(t), t€ [a,b]}

Let a thin wire W have the shape of curve C.
Suppose the wire has mass-density p(x,y,z) at each point (x,y,z) on the wire.

Then, the center of mass of W is (x,y,z), where:

Mass(W) = [ plx.»,2) d
C
a 1
X = Viass(W) /Cxp(x,y,z) ds
y= WS(W) /C)’P(X,y, z) ds
5= WS(W) /CZP(x’y’Z) ds

REMARK: The center of mass may not lie on the wire itself!
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PART Il

PART II:
LINE INTEGRALS OF VECTOR FIELDS
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Line Integral of a Vector Field F in R?

Definition
Let vector function R(¢) = (x(¢), y(r)) trace out a smooth curve C in R2.
Let vector field F(x,y) = (M(x,y), N(x,y)) be continuous on C.

Then the line integral of F along C is defined by

/Cﬁ~dﬁ::/c[M(x,y) dx + N(x,y) dy

where dR = (dx,dy) = (X' (1),Y' (1)) dt

Alternatively,
/C F.aR = / bﬁ[ﬁ(;)] R(1) di = / ' [ (0, (1) 0) + N (x(0) y(0)) (0]

where vector function f[ﬁ(r)} = (M (x(2),y(t)), N (x(2), ¥(t)))

Josh Engwer (TTU) Line Integrals 11 November 2014  21/25



Line Integral of a Vector Field F in R3

Definition

Let vector function R(¢) = (x(¢), y(r), z(¢)) trace out a smooth curve C in R,
Let vector field F(x, y,z) = (M(x,y,z),N(x,y,z), P(x,,z)) be continuous on C.

Then the line integral of F along C is defined by

/idﬁ ;:/ [M(x,y,Z) dx + N(x,y,z) dy + P(x,y,7) dz
C C

where dR = (dx, dy, dz) = (x'(1),y'(t), 2 (1)) dt
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Line Integrals in R? (Work)

Recall from SST 9.3 that dot products allowed us to compute the work done
by a constant force acting on an object along a line:

Work = F - PQ
Line integrals allows us to compute the work done by a force field (i.e.
variable force) acting on an object along a curve:

Proposition

Let vector function R(t) = (x(1),y(¢)) trace out a smooth curve C in R2.
Let force field F(x,y) be continuous on C.

Then the work done by F on an object moving it along the curve C is

Work:/idﬁ
C
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Line Integrals in R3 (Work)

Recall from SST 9.3 that dot products allowed us to compute the work done
by a constant force acting on an object along a line:

Work = F - PQ
Line integrals allows us to compute the work done by a force field (i.e.
variable force) acting on an object along a curve:

Proposition

Let vector function R(t) = (x(t), (1), z(t)) trace out a smooth curve C in R>.
Let force field ¥(x,y, z) be continuous on C.

Then the work done by F on an object moving it along the curve C is

Work:/idﬁ
C
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