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Jordan Curves

Jordan Curves Not Jordan Curves

Definition
A Jordan curve is a piecewise smooth closed curve that does not intersect
itself.
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Positively Oriented Boundary Curves

Positively Oriented Boundary Curve I'
Region D is always on the left of the curve I’
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Negatively Oriented Boundary Curves

Negatively Oriented Boundary Curve I'
Region D is always on the right of the curve I’
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A Simply-Connected Region has "No Holes”

Simply-Connected Region

Doubly-Connected Region

Triply-Connected Region
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A Simply-Connected Region has "No Holes”

Simply-Connected Region

Multiply-Connected Regions
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Green’s Theorem (for Simply-Connected Regions)

(o

Let D C R? be a simply-connected region in the xy-plane.
LetI" be a positively oriented Jordan curve that bounds region D.
Let vector field F € C("V(D) s.t. F(x,y) = (M(x,y),N(x,y)).

Then
jl{(de—kNdy //<3N f’M) dA
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Proof of Green’s Theorem (via Bootstrapping)

Let’s prove Green’s Theorem for a simply-connected region D.

The proof uses the technique of bootstrapping, meaning several simpler
cases are proven, and then more general (complicated) cases are proven by
expressing them in terms of the simpler cases.
Here’s how bootstrapping will proceed with proving Green’s Theorem:
@ Prove Green’s Theorem for rectangular regions.
@ Prove Green’s Theorem for regions that are both V-Simple & H-Simple.
© Prove Green’s Theorem for any simply-connected region.
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Proof of Green’s Theorem (via Bootstrapping)

PART |: Suppose enclosed region D is a rectangle.

y=d
d b, d
(0, d) s (0.)
N
= =
11y p T2 .H
Iy
(a,¢) (b,c)
y=c

I'=rhulhul'suly
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Proof of Green’s Theorem (via Bootstrapping)

PART |: Suppose enclosed region D is a rectangle.

y=d
(a,d) T (b,d)
F F4 D FQ T
r,
(a,c) (b,c)
y=c
F=T,UlUT;UTy
Parameterize subpaths Ty, ..., Ty:
Ty :Ri(t) = (t,¢) fort € [a,b] = dR(1) = (1,0) dt = dy =0
I, : Ry(t) = (b,1) fort € [c,d] = dﬁz(t) =(0,1)dt = dx=0
—I3:Rs(t) = (t,d) forr € [a,b] = dR3(r) = (1,0) dt —> dy =0
—T4:Ry(t) = (a,t) fort € [c,d] = dR4(t) = (0,1)dt = dx=0
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Proof of Green’s Theorem (via Bootstrapping)

PART |: Suppose enclosed region D is a rectangle.

y=d

(a,d) T (b, d)

a

Iy p I _II

Iy
(a,c) (b, c)
y=c
I'=ryulhul'suly

L= / —dA / / Ty b= /b [M(x,y)]:jdx

b
zC / M(x,d) — M(x, c)] dx — / M(t,d) di — / M(1,¢) di
a a a
= M dx — M dx = — M dx — de:—y{de
7113 1—‘1 F} F] T
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Proof of Green’s Theorem (via Bootstrapping)

PART I: Suppose enclosed region D is a rectangle.

y=d

(a,d) 5 (b, d)

a

Iy p Laofll

Iy

(a,c) (b,c)
y=c
IF'=Tulhbulz3uly

L= / —dA / / dxdy = /d [N(x,y)Kjdy

FTc/C IN(b, y) — (a,y)]dy—/ N(b,1) dt_/dN(a,l) dt

c

Ndy— Ndy= Ndy+ Ndy:%Ndy
Iy —Ty I, Ty r
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Proof of Green’s Theorem (via Bootstrapping)

PART |: Suppose enclosed region D is a rectangle.

y=d

(a,d) T (b, d)

a

Iy p I _II

Iy

(a,c) (b, c)
y=c
I'=ryulhul'3uly

e ]
]iNdy< ]gde> :%F(deJrNdy)

QED
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Proof of Green’s Theorem (via Bootstrapping)

PART 1l: Suppose enclosed region D is both V-Simple & H-Simple.

y = g2(x) I,

H (b.d)
z = ha(y)

y = gi(x)
(a,c) z = hi(y)
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Proof of Green’s Theorem (via Bootstrapping)
PART 1l: Suppose enclosed region D is both V-Simple & H-Simple.

y=0() p

| ’ (b, d)
x = hs (y)

y=gi(z)
(a,c) z = hy(y)
I'=Iryuly
Parameterize subpaths I'y, I'; two ways:

Ri(r) = (1,g1(2)) for t € [a,b] = dR,(t) = (1,&,(t)) dt = dx =dt
—1“2 Ro(1) = (1,8:(1)) fort € [a,b] = dRy(t) = (1,8,(t)) dt = dx = dt
(t) (hy(1),1) for t € [c,d] = dR,(1) = (h(6),1)dt = dy=dt
frz Ry (1) = (hy(1),1) for ¢ € [e,d] = dRy(r) = ((1),1) dt = dy = dr
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Proof of Green’s Theorem (via Bootstrapping)

PART 1l: Suppose enclosed region D is both V-Simple & H-Simple.

y = g2(x) I,

H (b.d)
z = ha(y)

(a,¢) z = h(y)

'=T1,uUly

OM /b /gz(x) OM /” y=g2(x)
I = — dA = —dydx = M(x, dx
1 //D 8y a Jgi(x) 8y Y a |: ( y):|y:gl(x)
b b b
M(x.g2(0)) = MCx. 1 (0)) de = [ M(ega(o) di = [ Mi(e.g1(0) a
= M dx — M dx = — M dx — de:—%de
—In T Iy T T
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Proof of Green’s Theorem (via Bootstrapping)

PART 1l: Suppose enclosed region D is both V-Simple & H-Simple.

y = g2(x) I,
H (b, d)
z = ha(y)

y=gi(z)
[
(a,¢) z = hi(y)
I'=T,UTly
L= //—dA / /hhl(y oN . dy—/cd {N(x,y)}::;z;dy
d d
e / N ().) =Nt ) )y = [ NG (0.0)di = [ N(ha(o).1)
N dy— Ndy= Ndy+ Ndy—%Ndy
T, T, r, r,
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Proof of Green’s Theorem (via Bootstrapping)

PART 1l: Suppose enclosed region D is both V-Simple & H-Simple.

y = ga2(x) Iy
ﬂ (b, d)
z = ha(y)

Y= gi(z)
(a,c) z = hy(y)

I'=Iryurls

L5 - e f]

:]{Ndy—<—?{de>=?§(de+Ndy
r r
QED
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Proof of Green’s Theorem (via Bootstrapping)

PART Ill: Suppose enclosed region D is simply-connected.
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Proof of Green’s Theorem (via Bootstrapping)

PART Ill: Suppose enclosed region D is simply-connected.

D=D,UDyUD3U Dy

I'=TyulLul'suly
where T, is the positively-oriented path enclosing only subregion Dy.

Subdivide region D into rectangular and/or (V & H)-simple subregions.
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Proof of Green’s Theorem (via Bootstrapping)

PART Ill: Suppose enclosed region D is simply-connected.

D=D,UDyUD3U Dy
I'=TyulLul'suly
where T, is the positively-oriented path enclosing only subregion Dy.
Observe that the line integral along a blue arrow exactly cancels with the
same line integral along the red arrow pointing in the opposite direction.
What remains is the line integral along the black arrows: ¢.(M dx + N dy).
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Proof of Green’s Theorem (via Bootstrapping)

PART Ill: Suppose enclosed region D is simply-connected.

D=DUD,UDsUD,

I'=TulLul'suly
where I, is the positively-oriented path enclosing only subregion D.

3 ﬁ(MdHNdy):ié (M dx+ N dy)

1
ON oM ON oM
3 Jf (5= 5) = J (G- 5) @ ©
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Green’s Theorem (for Simply-Connected Regions)

(-

Let D C R? be a simply-connected region in the xy-plane.
LetI" be a positively oriented Jordan curve that bounds region D.
Let vector field F € C(VV(D) s.t. F(x,y) = (M(x,y),N(x,y)).

Then
?{ﬁ-dﬁ://(Vxﬁ)-ﬁdA
T D
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