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Open & Closed Surfaces in R?

_

Closed Surfaces  Open Surfaces

Definition

A closed surface S C R? has no boundary curve.
An open surface S C R? has a boundary curve (in red on above figure).
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Divergence Theorem (AKA Gauss’ Theorem)

2

Theorem

Let closed piecewise smooth surface S have outward unit normal N.
Let simply-connected solid E C R* be the interior of surface S.

i.e. S is the outer boundary surface of solid E.

Let vector field F € C(WUD(E).

Then:
#F.Ndsz///vidv
N E

PROOE: See the textbook if interested.
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Gauss’ Theorem on the xy-plane

Theorem

Let Jordan curve T' be positively-oriented and have outward unit normal N.
Let simply-connected region D C R? be the interior of curve T.

i.e. T is the outer boundary curve of region D.

Let vector field F € (') (D).

Then:
fﬁ N ds / V- -FdA
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Gauss’ Theorem on the xy-plane (Proof)

Theorem

Let Jordan curve I be positively-oriented and have outward unit normal N.
Let simply-connected region D C R? be the interior of T. LetF € ) (D).

Then:
%F-ﬁds:/ V-FdA
T
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§5Fm _ (M(x,y),N(x,y)) - (/' (1), (1)) dt

<M N) - (dy, —dx) = 55( ) dx+ M dy

[ () oo
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Using Gauss’ Theorem with Open Surfaces

Consider the above open box with the top face removed.
Without Gauss’ Theorem:

// F-NdS=
SBox

// F-Nds+// F‘-NdS+// F‘-NdS+// F‘-NdS+// F-NdS
SBottom N2 SRight S SBack

Front
With Gauss’ Theorem:

// F-Nds:// v-ﬁdV—// F-Nds
SBox Epox Stop
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Generalizations of the FTC

THEOREM FTC FORM OF THEOREM REMARK(S)
b

FTC /f’(x dx =f(b) — f(a)

FTLI /Vf dR = f[ (b)} —f [ﬁ(a)} C:R(),a<1<b
Green's Thm // (3N - aM) dA = 55 FodR | Flxy) = (M(x,y),N(x,))

aD
Stokes’ Thm // (V X F) NdS = ?g F-dR S = open surface
S as
Gauss’ Thm // V-Fdv = # F-Nds E = closed surface
E IOFE

Gauss’ Thm // F F(x,y) = (M(x,y),N(x,y))

oD = Boundary curve of region D
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0S = Boundary curve of surface S
OFE = Boundary surface of solid E
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