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PART |

PART I:
2D PARAMETRIC CURVES
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Parametric Curves in R? (Introduction)

Definition
A 2D parametric curve has the following form:

x zf((tt)) ol | is an interval
fef : f,ge ()

Each point (x, y) on the curve depends on a parameter, r € R.
A particular choice of functions f, g and interval I is called a parameterization
of the curve. )

ALTERNATIVE NOTATION:
{ x(r) = f(1)

y(r) =g(r) is used to emphasize that x and y are functions of .
tel
ALTERNATIVE NOTATION: x=f(z), y=g(t), t€l

REMARK:
The "t € I" piece is omitted when ¢ € Dom(f) N Dom(g)
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Parametric Curves in R? (Introduction)

(DEMO) PARAMETRIC CURVES (Click below):

t=628 x=000 y=000
10
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http://www.myweb.ttu.edu/jengwer/TEACHING/demos/2DParametricCurves.cdf

Parametric Curves (Parameterizations are not Unique)
(DEMO) COMPARING PARAMETERIZATIONS (Click below):

¢ {
+ W
vef)=t
ofih-t 0 @ x = 3cos[f(t)]
veft=5 » = Ssin[f(t)]
oeft)=2(-5 +t-n’+2) t =2.80236
@ f(t) =27 sin(t)]
nef)=2 -1 f®

@ -

REMARK: Focus on choosing simplest parameterization (see next slide).
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http://www.myweb.ttu.edu/jengwer/TEACHING/demos/ComparingParameterizations.cdf

Parametric Curves in R? (Conversions)

CONVERSION

PROCEDURE

2D Parametric — Rectangular

Solve for ¢ in one egn

and substitute into the other eqgn.

Restrict the ranges of x & y

if necessary.

Explicit Rectangular — 2D Parametric

y=fx) = {

xX=1

y=f(1)
t € Dom(Y)

Explicit Rectangular — 2D Parametric

x=2g(y) = {

x=g(1)
y=t
t € Dom(g)

Explicit Polar — 2D Parametric

r=f»0) = {

x =f(t)cost
y =f(t)sint
t € Dom(Y)

*** ALL OTHER CONVERSION POSSIBILITIES ARE TOO DIFFICULT ***
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Parametric Curves in R? (Introduction)

A 3D parametric curve has the following form:
x=f(1)
y=2g(t) I is an interval
2= h(t) VN £ e he )
rel

Each point (x, y, z) on the curve depends on a parameter, ¢ € R.
A particular choice of functions f, g, h and interval I is called a
parameterization of the curve.

REMARK:
General 3D parametric curves will be treated in Chapter 10.
For now, consider only 3D lines in space.
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PART Il

PART II:
LINES IN SPACE
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Lines in R? (Canonical Forms from Algebra)

Recall from Algebra the following canonical forms of a line on the xy-plane:

TYPE

CANONICAL FORM

REMARK(s)

Point-Slope Form

y—YOzm(X—xo)

m = Slope of Line

Line contains point (xo, yo)

Slope-Intercept Form

m = Slope of Line
b = y-Intercept : (0,b)

Both-Intercepts Form

y=mx+b
X Yy
42
a+b

m = Slope of Line
a = x-Intercept : (a,0)
b = y-Intercept : (0,b)

General Form

Ax+By=C

AB,CER
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Lines in R? (Canonical Forms from Algebra)

Recall from Algebra the following canonical forms of a line on the xy-plane:

TYPE CANONICAL FORM REMARK(s)
, B m = Slope of Line
Point-Slope Form y = yo = m(x —xo) Line contains point (xo, yo)
_ m = Slope of Line
Slope-Intercept Form y=mx+b b = y-Intercept : (0, b)
B m = Slope of Line
Both-Intercepts Form -+ % =1 a = x-Intercept : (a,0)
a b = y-Intercept : (0, b)
General Form Ax+By=C AB,C€eR

@ Unfortunately, none of these forms are useful for lines in space.
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Lines in R? (Canonical Forms from Algebra)

Recall from Algebra the following canonical forms of a line on the xy-plane:

TYPE

CANONICAL FORM

REMARK(s)

Point-Slope Form

y — Yo = m(x — xo)

m = Slope of Line
Line contains point (xo, yo)

Slope-Intercept Form

m = Slope of Line
b = y-Intercept : (0,b)

Both-Intercepts Form

m = Slope of Line
a = x-Intercept : (a,0)
b = y-Intercept : (0,b)

General Form

y=mx+b
Xy
a2
a+b
Ax+By=C

A,B,CeR

@ Unfortunately, none of these forms are useful for lines in space.
@ The solution: Use Vectors!
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Lines (Parametric Form Derivation)

Given line ¢ || vector v = (v;,v,) and containing point P(xo, yo)

Let O(x,y) be any point on line £.
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Lines (Parametric Form Derivation)

Given line ¢ || vector v = (v1, v2) and containing point P(xo, yo)

Form vector PQ = (x — x,y — yo).
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Lines (Parametric Form Derivation)

Given line ¢ || vector v = (v1, v2) and containing point P(xo, yo)

Notice that PQ || v
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Lines (Parametric Form Derivation)

Given line ¢ || vector v = (v1, v2) and containing point P(xo, yo)

PQ||v = (x—x0,y —yo) = t{vi,»2)
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Lines (Parametric Form Derivation)

Given line ¢ || vector v = (v1, v2) and containing point P(xo, yo)

PQ v = (x—x0,y —yo) = t(vi,v2) = (x — X0,y — Yo) = (tvi,1v2)
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Lines (Parametric Form Derivation)

Given line ¢ || vector v = (vy,v,) and containing point P(xo, yo)

PQ||v = (x—xo,y —yo) =t(vi,v2) = (x—x0,y —yo) = (tvi,tv2)
X — X9 =1

Equate each component: {
y—Yo=1t
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Lines (Parametric Form Derivation)

Given line ¢ || vector v = (v;,v,) and containing point P(xo, yo)

PQHV = <x7x07y7y0>:t<vl7‘}2> g <X*X(),y7y()>:<t\/1,tvz>

Equate each component: { X=X =m

Y—Yo =1t
X = Xxqo + tv;
Solve for (x,y):
(v.) {Y—YO+W2
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Lines in R? (Parametric Form)

The parametric form of line ¢ containing point Py(xo, yo) and parallel to

vector v = (v, v,) is:
X = Xxp + vit
0 y =Yy + vat

teR

4
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Lines in R? (Parametric Form)

:Z)

P(x0, 40, 20)

Definition
The parametric form of line ¢ containing point Py (xo, yo, 20) and parallel to
vector v = (vy,v,,v3) is:

X = Xxp + vit
0 - Y =Yo+ vat

Z =20+ v3t

teR
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Lines in R? (Intersecting Lines)
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Lines in R? (Parallel Lines)
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Lines in R? (Coincident Lines)

/’____,_———-'Ela EZ
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Lines in R? (Skew Lines)

\ E

@ The dashed line segment indicates that line ¢, is behind line ¢;.

2
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Lines in R? (Classification Flowchart)

z =+t T =Ty +ws

Given lines ¢;: Y=+t and £y: Y =i+ uns
z2=2z1+ vst - zZ=2+wss
teR s€R

xy + vt = 2y + wy s

Solve Linear System for (¢,5): ¢ 1 + vot = yo + was
21 +ust = 29 + w3s

No [ Solution

v
Extract vectors: _
w

Intersecting Lines

Yes

Parallel Lines
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Are vectors V,w parallel?
i.e. Does V. = kw for some k € R ?




Lines in R? (Distance from Point to Line Derivation)

Find the shortest distance from point P to line ¢.
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Lines in R? (Distance from Point to Line Derivation)

Find the shortest distance from point P to line £.
P

t

1

'

\

dy

1
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Lines in R? (Distance from Point to Line Derivation)

Find the shortest distance from point P to line ¢.
P
t
1
1
1

d

1
\
)
)

I {
G
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Lines in R? (Distance from Point to Line Derivation)

Find the shortest distance from point P to line ¢.
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Lines in R? (Distance from Point to Line Derivation)

Find the shortest distance from point P to line /.
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Lines in R? (Distance from Point to Line Derivation)

Find the shortest distance from point P to line /.

_d
1QP|

sinf =
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Lines in R? (Distance from Point to Line Derivation)

Find the shortest distance from point P to line /.

d = ||QP||siné
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Lines in R? (Distance from Point to Line Derivation)

Find the shortest distance from point P to line /.

d|[v|| = [[¥v/|[|QP][ sin 6
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Lines in R? (Distance from Point to Line Derivation)

Find the shortest distance from point P to line /.

d|[v|| = [[v > QP|
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Lines in R? (Distance from Point to Line Derivation)

Find the shortest distance from point P to line /.

[lv < QP]|
[I¥l]

d=
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Lines in R? (Distance from Point to Line)

The shortest distance, d, from point P to line ¢ is:

L, lvxoej
v

where Q is any point on line ¢, and v is any vector parallel to line ¢.
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