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2"-order Derivatives using Multivariable Chain Rules

(Toolkit)

RESULT \ SAMPLE STATEMENT
(D2D) Definition of 2"?-order Derivative 6512 % [%v]

(D2P) Definition of 2"-order Partial %2,2 gt [%VZV] gsévl — % [%vtv]
(EMP) Equality of Mixed 2"¢-order Partials guévv — gvzawu

(PR) Product Rule for Derivatives a1f(ng()] =1 (1)g(r) + £ (g (1)
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1-2 Chain Rule

Proposition

(1-2 Chain Rule)
Letz = f(x) € C* where x = g(s,t) € C®?. Then:

o _dzox 0 _dion
Os  dx Os Ot dx ot

"1-2” means 1 intermediate variable (x) and 2 independent var’s (s, ¢).

. o?
How to compute the 2"“-order partial: a—tf ??
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz = f(x) € C> where x = g(s,t) € C??. Then:

o _dzox 0 _diox
s dx Os At dx ot

dz .. . . .
g —i still depend on the intermediate variable (x).

1%, realize that —,
ot d
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz = f(x) € C* where x = g(s,t) € C?2). Then:

Oz  dz Ox 0z  dzOx
s dxOs ot dx Ot
. . 0z dz . . . .
1%, realize that % e still depend on the intermediate variable (x).
@z _ D [2]
o T Orlor
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz = f(x) € C> where x = g(s,t) € C®?. Then:
0z _ dz x 0z _ ds x
Os  dxOs Ot dx ot

1*, realize that 5 d still depend on the intermediate variable (x)
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz = f(x) € C* where x = g(s,1) € C>?. Then:

dc _ deidx Oc _ dedn
Os  dxOs ot dx Ot
. 0z dz . . . .
1¥, realize that % I still depend on the intermediate variable (x).
2z _ 272
or %t L?Zt ox
= Grla o)
R 9 [d: ox d: o [Ox
= ] F+% 55
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz =f(x) € C> where x = g(s,1) € C?2). Then:

o _dzox 0 _dion
s dx Os Ot dx ot

d still depend on the intermediate variable (x).

0z
1¥, realize that — d—z
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz = f(x) € C* where x = g(s,1) € C?2). Then:

Oc_d&ox  0c_deos
s dx Os O dx ot

: 0z dz . . . -
1*, realize that 5? d—i still depend on the intermediate variable (x).
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz =f(x) € C* where x = g(s,1) € C?2). Then:

Oz  dz Ox Oz  dz Ox
Os  dxOs ot dx Ot
o . 0z dz . . . .
1%, realize that % I still depend on the intermediate variable (x).
X
e — 215
o %[% 1]
- ot Ldx Ot
PR 9rdz] . 0x | dz . O [0x
ol E[ﬁ]'ﬁﬂ‘ﬁ@[ﬁ]
e 9 [d ox dz  Ox
= alal ot @ o
— d [dz] Ox Ox dz O°x
= (#lZlg) a+as
D2D 7 (9x\2 dz 9%x
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz = f(x) € C> where x = g(s,t) € C®?. Then:

0 _diox 0o _dein
ds  dxOs Ot dx ot

Po_ sz (ox) deone
o dx® \ ot dx Or?
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1-2 Chain Rule

Proposition

(1-2 Chain Rule)
Letz = f(x) € C> where x = g(s,t) € C®?. Then:

O _deox 0 _deon
s dxOs Ot dx ot

"1-2” means 1 intermediate variable (x) and 2 independent var’s (s, ?).

: 0
How to compute the 2"“-order partial: D501 ??
S
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz = f(x) € C> where x = g(s,t) € C??. Then:

o _dzox 0 _diox
s dx Os At dx ot

dz .. . . .
g —i still depend on the intermediate variable (x).

1%, realize that —,
ot d
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz = f(x) € C* where x = g(s,t) € C?2). Then:

Oz  dz Ox 0z  dzOx
s dxOs ot dx Ot
. . 0z dz . . . .
1%, realize that % e still depend on the intermediate variable (x).
o= 4l
ds0r — Oslor
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz = f(x) € C> where x = g(s,t) € C®?. Then:
0z _ dz x 0z _ ds x
Os  dxOs Ot dx ot

1*, realize that 5 d still depend on the intermediate variable (x)
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1-2 Chain Rule

Proposition

(1-2 Chain Rule)
Letz =f(x) € C* where x = g(s,1) € C?2. Then:

dc _ deidx Oc _ dedn
Os  dxOs ot dx Ot
. 0z dz . . . .
1¥, realize that % I still depend on the intermediate variable (x).
2z _ 0 El
9sOt %s gzt ox
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz =f(x) € C> where x = g(s,1) € C?2). Then:

Oc_ deidx Oc _ dedn
ds  dx Os ot dx Ot
: 0z dz . . . -
1%, realize that 5? d—i still depend on the intermediate variable (x).
P D[]
R P
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1-2 Chain Rule

Proposition

(1-2 Chain Rule)
Letz = f(x) € C*> where x = g(s,1) € C>?. Then:

0z dz Ox 0z _dz Ox
Os  dx Os Ot dx Ot
o . 0z dz . . . .
1*, realize that 5% I still depend on the intermediate variable (x).
X
0’z 9 [&]
A [% 1]
- Os Ldx Ot
PR 9 rds] Ox , dz O [0x
= HlEl 5+ & %l%
np Q[@].&Jr@.azx
- Os Ldx ot dx OsOt
1-2 (1 g}&).&Jr@azx
- dx Ldx] Os ot dx OsOt
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz =f(x) € C* where x = g(s,1) € C?2). Then:

Oz  dz Ox Oz  dz Ox
Os  dx Os Ot dx Ot
o . 0z dz . . . .
1¥, realize that % I still depend on the intermediate variable (x).
X
oz _ 2 [&]
OsOt - %s gzt o
= A
K 9 [dz Ox dz O [Ox
= &HlEl S+ E %%
np Q[@].@Jr@.%
- Os Ldx ot dx  OsOt
122 (g[g]@).g+z82x
dx Ldx]1 Os ot dx OsOt
D2D 27 9x Ox 4 dz 8°x
- dx?> Os Ot dx OsOt
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz = f(x) € C> where x = g(s,t) € C??. Then:

O _deox 0 _dion
s dxOs Ot dx ot

Oz d’zoxox  dz 0%x

950t A2 05 0t dx Dsor
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1-2 Chain Rule

Proposition
(1-2 Chain Rule)
Letz = f(x) € C* where x = g(s,1) € C>?. Then:

o _dzox 0 _dion
s dx Os Ot dx ot

EXERCISE: Starting from scratch, show that

Pz d*z <8x>2 dz@ix

2~ a2 \ds) " dxos
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2-1 Chain Rule

Proposition

(2-1 Chain Rule)
Letz = f(x,y) € C*? where x = g(t) € C> andy = h(t) € C*>. Then:

di _ocds | ody
dt  Oxdt  Oydt

"2-1” means 2 intermediate var’s (x,y) and 1 independent variable (7).

I d?
How to compute the 2"“-order derivative: dTZZ ??
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2-1 Chain Rule

Proposition

(2-1 Chain Rule)
Letz =f(x,y) € C??) where x = g(t) € C* andy = h(t) € C*. Then:

& _ods 0y
dt  Oxdt Oydt

dz 0z O still depend on all intermediate variables (x,y).

1% lize that —, —,
» feal dt’ Ox’ Oy
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2-1 Chain Rule

Proposition

(2-1 Chain Rule)
Letz =f(x,y) € C??) where x = g(t) € C* andy = h(t) € C*. Then:

& _onds oy
dt  Oxdt Oydt

. dz 0z 0z . . . .
1¥, realize that —Z, —Z, 2 still depend on all intermediate variables (x, y).
dt’ Ox’ Oy
dz _  d[dz  dx d [0z dy
F = gl gl+als- @l
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2-1 Chain Rule

Proposition
(2-1 Chain Rule)
Letz =f(x,y) € C?? where x = g(t) € C* andy = h(t) € C*. Then:

d: _ozds | 0zdy
dt  Oxdt Oydt

. dz 0z 0z . . . .
1%, realize that —Z, —Z, i still depend on all intermediate variables (x,y).
dt’ Ox’ Oy
&z _ d[8z  dx dfoz d
F = alEF+alFE- 3l

X
B (4[5 S+Z 4[5+ (4[] 2+ 4(2)
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2-1 Chain Rule

Proposition
(2-1 Chain Rule)
Letz =f(x,y) € C??) where x = g(t) € C* andy = h(t) € C*. Then:

& _ozdx  oudy
dt  Oxdt  Oydt

dz 0z 0z

1¥, realize that ' ox Oy still depend on all intermediate variables (x,y).
% = ﬂ%%}g[-ﬂ
PR
(o] g d[4) 1 (]2 % 4[4))
2y
TG R S g
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2-1 Chain Rule

Proposition

(2-1 Chain Rule)
Letz = f(x,y) € C?? where x = g(t) € C* andy = h(t) € C*. Then:

d: _ozdv | Ozdy
dt — Oxdt Oydt

. dz 0z 0z . . . .
1%, realize that < 9% % s depend on all intermediate variables (x, y).

dr’ Ox’ dy
£ = 2% £)+4[%-2
PR
EO4[%) s+ E- 4[5+ (4[] 2+ % 4(2)
- 2 2.,
(%] b+ flr e 4[] 4+ EY

A dt Oy dr
de | 9 [0z7dy\de | (0 [8z)dx | O [z])dy)dy | dzd’x | dzdy
X dt+8y[6x} t) t+(6x[8y]dt+ [ ] ) +8xdt2+8ydt2
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I
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i
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2-1 Chain Rule

Proposition

(2-1 Chain Rule)
Letz = f(x,y) € C*? wherex = g(t) € C> andy = h(t) € C*>. Then:

dz  Ozdx = Ozdy
dt  Oxdt Oydt

Lz d[dz . dx) 4 d[9z . dy
dr? dz[x dz]ert[ay dt]
PR d[0z]  dx 9z  d [dx d[0z]  dy 9z d[dy
= (glal g+ sl + gl 7 +5 @l
D2D 4 1o, dx 9z d*x d [0z dy oz dzy
= & SrEFrile G ER
2-1 9 [9z] dx O [8z]dy dx 9 [9z] dx 0 T0z1dy\ dy | 9zd’x | Ozdy
= (mlElgrslElg) st GlEes+56a)d T aF T 57
D2pP 8z dx 9%z dy\ dx &7 dx | dzdy\ dy | 97dx | 9z dy
= \owatoma)a T \owatora)atoaae Toa
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2-1 Chain Rule

Proposition
(2-1 Chain Rule)

Letz =f(x,y) € C?? where x = g(t) € C* andy = h(t) € C*. Then:

& _onds oy
dt  Oxdt Oydt

dz . d[9z . dx], d[Oz. dy
dr? - dt[ax d]+ [By dt]
PR d [0z dx dT78z1 dy | 8z d[dy
= (S5 - S+ %49+ alsl -3+ 5 ala]
D2D 419 dzd’x | d[dz] dy | 9zd%
= 454 Gt aEtalE TR
2-1 3 [0z dx 9 [0z]dy ) dx 9 9z dx 8 [9z1dy oz d*x | 9z dy
= (mlEld+tolaElad)at a[*y]aﬂﬂiy[*y]a Gtowtom
D2pP Bzzdx 9%z dy '\ dx 6 dx 9%z dy dy Oz d*x Bzdy
= \ova T ooma)at \ooya Topda)ad T T oar
_ z(dx 9’z dx dy azzddy Dz (dy dzdx | 9y
- axz(dt) +8y6xdd +8x8ydtdt+8y ( t) +8xdt2+8ydt2
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2-1 Chain Rule

Proposition

(2-1 Chain Rule)
Letz =f(x,y) € C?? where x = g(t) € C* andy = h(t) € C*. Then:

d: _ozds | 0zdy
dt  Oxdt Oydt

£ = 4[&-4]+4[%- 4]
B(4[%)- s+ 4[4]) + (4[%]- 2+ 4[2])
(TR ER 2= R LAY I 2
=(RE14+ 551 s+ (BIE1S+ 251 4+ 5+ 57
T (B 853) o+ (B + 5 4+ 55+ ER
= %(% 2‘*‘6?3:%%"’023}%%‘*‘% %)2"‘%%"‘%%
T OGS 2+ B+ S+ 5
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2-1 Chain Rule

Proposition
(2-1 Chain Rule)
Letz = f(x,y) € C*? where x = g(t) € C> andy = h(t) € C*>. Then:

dz_ Ozdx | Ozdy
dt ~ Oxdt  Oydt

&Pz 0%z (dx\*
— === +2
drr 0x? \ dt

0z 0l)cdy+82 P 9zdx  Ozdy
OxOy dr dt — 0y? Oxd? ' Ay di®
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2-2 Chain Rule

Proposition

(2-2 Chain Rule)
Letz = f(x,y) € C*? where x = g(s,t) € C?? andy = h(s,t) € C??. Then:

Ox_ 020x 02y dc_ 020x 020y
ds OxOs 0OyO0s ot OxOt  Odyor
"2-2” means 2 intermediate var’s (x,y) and 2 independent var’s (s, 7).
2
How to compute the 2"“-order partial: % ??
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2-2 Chain Rule

Proposition

(2-2 Chain Rule)
Letz = f(x,y) € C?? where x = g(s,1) € C?? andy = h(s,t) € C>?). Then:
0z %@ 0z dy

0z _0z0x 020y 0: _0e0x  0z0y
ds OxOs OyO0s ot Ox0t Oyot

1%, realize that %, %, 9z still depend on all intermediate variables (x, y).
ot Ox’ Oy
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2-2 Chain Rule

Proposition

(2-2 Chain Rule)
Letz = f(x,y) € C?? where x = g(s,1) € C?? andy = h(s,t) € C>?). Then:

0 _ 0:0x 020y 0z _ 0c0x 020y

B 0x0s ' Byos ot oxor oyor

o . 0z 0z 0z .. . . .

1¥, realize that —, —, — still depend on all intermediate variables (x, y).
ot Ox’ Oy

8* d [ o 0. o [0 dy

% = wla ol tals ol

Josh Engwer (TTU) Multivariable Chain Rules: 2"“-order Derivatives 10 December 2014 34/44



2-2 Chain Rule

Proposition
(2-2 Chain Rule)
Letz =f(x,y) € C?? where x = g(s,1) € C?? andy = h(s,t) € C*?). Then:
0z _ 0:0x | 0z0y 0z _ 0:0x | 0z0y
ds OxOs 0OyO0s ot Ox0t Oyot
1¥, realize that 9z 0z 0z still depend on all intermediate variables (x, y).
ot’ ox’ Oy
2 X Oy
o = als %H%[%ﬁ-ﬁﬂ
X X [é)
2 G35+ 55D+ (3155 + 5 2(5))
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2-2 Chain Rule

Proposition

(2-2 Chain Rule)
Letz =f(x,y) € C*? wherex = g(s,t) € C?? andy = h(s,t) € C??. Then:

az_%@ 0z dy

0: _0z0x  0c0y

ds  Ox0s  Oyos ot Oxor  dyor
1%, realize that %, @’ 9z still depend on all intermediate variables (x, y).
ot Ox’ Oy
2 x Oy
% = &% 51+55% 3]

2G5+ (B 5+ 5 515)
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2-2 Chain Rule

Proposition
(2-2 Chain Rule)
Letz = f(x,y) € C?? where x = g(s,1) € C?? andy = h(s,t) € C*?. Then:
0z _ 0z0x | 020y 0z _0:0x  0:0y
ds OxOs OyO0s ot Ox 0t Oyot
. 0z 0z 0z .. . . .
1%, realize that 5? a—z a—z still depend on all intermediate variables (x, y).
X oy
9z _ 9oz o ar0z @
% = mled F+al5 5]
PR RN o) 9z 9 [d ERN) [é) dz O[Oy
OG5+ % 502D+ (318 5+%3(3)
D2P 91977 Ox | 97 0% d[dz] . 8 9z &%y
= glal E+EF 5% 7+FF
2-2 9 [9z] dx 9 10z10y\ Ox 8 [dz] Ox 9 T70z19y) 9 8z 8%x | 9z ¢
= (a[ﬂEﬁLa*y[a]ﬁ} o+ a[fi]ana*y[a*i]ﬁi)a%Jfa*iWJraf%
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2-2 Chain Rule

Proposition
(2-2 Chain Rule)
Letz =f(x,y) € C?? where x = g(s,1) € C?? andy = h(s,t) € C>?). Then:
0z 0z0Ox 0z 0y 81_818x+6z8y
ds OxOs OyO0s ot Ox0t Oyot
& _ 8 [dz  Ox 89z Oy
% = alE Fltalg )
PR ) Ox | Oz O [dx o 8y | 9z 90
2 (3% 5% 503D+ (5(5-5+5813)
D2P 9r9z] Ox 4 0:0%x | O[dz] O - 9%y
Gl Gt aEw talsl &t e
77 Ox 9 [0z]90y\ Ox €
a}ﬁﬂLzTy[m]%)*Jf - ) @

X

t i
Pz0x | 9z 9y ox 0’z 29y Oy | 9:9x | 929
ox2 Ot + dyOx Ot t + Ox0y Ot + 5 t t + x Of + dy or

) ()
o |
~ ()
TN N\Q
CD‘QD
—
N
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2-2 Chain Rule

Proposition

(2-2 Chain Rule)
Letz =f(x,y) € C?? where x = g(s,1) € C?? andy = h(s,t) € C??). Then:
0c_0:0r ozdy  0x_0dx  0cdy
Os 0Ox0s 0OyO0s ot OxO0t Oyort
o = 5E-3+5(%-3
LGB 55 505D+ (50555 53]
T OSE 2+ 2E+ 5% F+5F
= (215 51515) 5+ (BIE5415%) F+ 55
T ( B+ &Y+ (ZE+5Y) S+ 25+ £
= )+ S SR S () A e
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2-2 Chain Rule

Proposition
(2-2 Chain Rule)
Letz =f(x,y) € C?? where x = g(s,1) € C?? andy = h(s,t) € C*?). Then:

81_8zf)x+818y 82_828x+618y
Os 0Ox0s 0OyO0s ot OxOt Oyor
P _ 09z ox] 4 0[d O
or - 8t[8x at}"“at[ay 8[]
PR O[0z] . Ox 4 Oz . O [Ox 8[0z] .9y | 8z . O[Oy
= (glal s+& - alal) +(als a+8 55
D2 o] 0x 4 920% 4 D[0z] .8y 4 928%
- Or[x] 6[+6x8t2+6t[8y} l+6y8t2
222 0 [02]0x 4 O [02]0y) dx 0 [0z] 0x 9 [92]9y) 9y 4 920°x | Oz¢
- Bx[ax] 6l+6y|:8x] t t+ Ox )}Bl+6)'[8y] ot 6t+8x8t2+6y£
D2p 8%z Ox 9%z Oy\ Ox 8%z Ox 8%z 0y '\ 9y 9z &%x 0z 07y
= oo Tooxar) ar T \oxover T arar) ar Taxar T ayar
—  Dz(ox\? 7 0xdy | 9z 9x0y | Pz (Ov\? 020%x 4 929
sz(c')t) + OyOx Ot Ot +8x8y ot ot + Byz(at) +8)2c or +6y or
EMP 927 (9x\2 9%z 9x 0y | 9Pz (O\2 | 828 | 929%
= (%) 2555 o5 (E) TEF o
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2-2 Chain Rule

Proposition

(2-2 Chain Rule)

Letz = f(x,y) € C*? where x = g(s,t) € C?? andy = h(s,t) € C??. Then:
0s_0sox ooy 0o 0:0x | 0:dy
ds OxOs OyO0s ot Ox0t Oyot

0’z 5‘2z<8x)2 282z Ox Oy 8zz<5‘y>2 8187296 81372)1

2 a2 \ar ooy oror oy \ar) Toxor T oyor
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2-2 Chain Rule

Proposition

(2-2 Chain Rule)

Letz =f(x,y) € C?? where x = g(s,1) € C?? andy = h(s,t) € C*?). Then:
0c 00 00y 0 0c0x 0c0y
ds OxOs 0OyO0s ot Ox0t Oyot

EXERCISE: Starting from scratch, show that

052 Ox%

Do 0% (0 0 dvdy 0% ()} 00 ok ify
Os Oxdy Os Os ~ Oy* \ Os Ox Os2 Oy Os?
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2-2 Chain Rule

Proposition

(2-2 Chain Rule)
Letz = f(x,y) € C*2 where x = g(s,t) € C?? andy = h(s,t) € C??. Then:

0: _ozox 0sdy  0x_0sox 0y

B Ox0s  Byds 5 oxor | yor

EXERCISE: Starting from scratch, show that

P Osoxox | o (oyor owdy) Ooyoy o: o 0: o
OsOt  Ox20s Ot OxOy \ Os Ot Os Ot Oy Os Ot OxO0sOt Oy OsOt

10 December 2014 43/44

Josh Engwer (TTU) Multivariable Chain Rules: 2"-order Derivatives



osh Engwer (TTU, ivari; i : 2d_order Derivatives 10 December 2014 44/44



