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Converting from Rectangular — Polar Coordinates

GOAL: Express the Laplacian in polar coordinates.

PROCEDURE: (u:R*> — R is assumed to be C*?)(D), where D C R?)

L . Fu 07
@ Recall Laplacian in rectangular coordinates: VZu = — + s
oxr  Oy?
x =rcosf
y=rsinf

. . Ou  Oudx Oudy Qu _ Oudx  Oudy
O Use22ChainRule: == 5 5 * 5oy o0 9x98 " oy o0

@ Recall conversion of rect. coords — polar coords: {

© Express 1¥-order partials in polar coordinates

ou o
ox’ Oy

2 2u
—, — in polar coordinates
Ox2’ 0y? P

@ Express the Laplacian in polar coordinates

© Express 2"¢-order partials

WHY DO THIS???

@ Scalar field u may be expressed in polar coordinates a priori.
@ Region of interest D may be a polar region. (e.g. disk, annulus, ...)

Josh Engwer (TTU) The Laplacian in Polar Coordinates 10 December 2014 2/15



Use the 2-2 Multivariable Chain Rule

o2 7@+@ x=rcosf
=5 Dy? y=rsinf
@7@@+@@ = cosﬂ@Jrsine@
or  Oxor Oyor Ox dy

@—@%—F%@ = —rsinﬁ@ﬁ-rcose@
20  0x08 0Oyol Ox dy
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: : ou , 0
Solve resulting Linear System for Sl ) l

Ox Oy

Ou  O%u x=rcosf
2, - 27 g
Veu= A2 ayZ { y= rsin @
Ou Ou . Ou
> = cos 95 + smea—y
Ou . u Ou
% - frsmﬂa +  rcos Ga—y
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: : ou , 0
Solve resulting Linear System for Sl ) l

Ox Oy

Ou  O%u x=rcosf
2, - 27 g
Veu= A2 ayZ { y= rsin @
Ou Ou . Ou
> = cos 95 + smea—y
Ou . u Ou
% - frsmﬂa + rcos Ga—y
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Solve resulting Linear System for u & Ou

Ox Oy

V2 _82u+@ x=rcosf
“Taa T oy y = rsinf
Ou u . Ou
o = cos Ha + sin Ha—y
1 Ou Ou Ou
9 = fsmﬁa + cos Ha—y
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ou

Solve resulting Linear System for u & —
Ox Oy

2 _87214_1_@ x=rcosb

S oxr 0y? y = rsinf
sin@% = sin 6 cos 9% + sinzeg—z
corsﬂ% = 7COS0SiH9% + Coszﬁg—z
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Solve resulting Linear System for u & Ou

Ox Oy

Ou  O%u x=rcosf
2, =74
Ou . Ou . 20U
s1n95 = smﬁcosea + sin Qa—y
cos ) Ou ., 0u 5 ,0u
90 —cosHsmHa + cos Ha—y
Add the two equations:
— sin 9? co:egz (sm 0 + cos? 0) ?); %
@ 0@ COSQ@
Oy or r 06

Josh Engwer (TTU) The Laplacian in Polar Coordinates 10 December 2014 8/15



: : ou , 0
Solve resulting Linear System for Sl ) l

Ox Oy

@ = s'nH@ + 70059@

dy Y r 00
Ou Ou . Ou
o = cosﬁa + sm@a—y
10u

u u
- = _—sinf— + 0—
. 9 sin COS
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: : ou , 0
Solve resulting Linear System for Sl ) l

Ox Oy

0 _S.naau cos@@
ay "9 Y.

Ou 5 ,0u . Ou
cosﬁa = cos Qa + cos@smﬁa—y
—sinfou ., Ou . Ou

50 sin Ga + fsmﬂcosﬁa—y
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ou

Solve resulting Linear System for u & —
Ox Oy

@ = s'nH@ + 70059@
dy Y r 00
Ou 5 20U . Ou
cosﬁa = cos Ha + cos@sm@a—y
—sinfou ., Ou . Ou
90 sin 95 + fsmﬂcosﬂa—y
Add the two equations:
Ou sinfou . , s Ou  Ou
— 00595 e (sm 0 + cos 0) = o
@ B 0@ B sinﬁ@
ox €08 or r 00
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Ou , Ou

Polar F F %8 Msor
Use Polar Forms o éx&ay

%—cose@—y@ @—sin0@+w@
ox or r 00 oy or 90
’u d [du
o ()r[dk(J .

— cosdg (] me 10y

Q. ) .
IR ANN TR DI 15 ]
= u 2sind du sin Ou
= cosf (cosOF [ 5] + 20E 55 — 8r[§ e
“"9( s1n96”+cos93[3]_MJ_MQ[@])
r or r L r 0601060
= COoS egr? + 2cosfsin® Ou __ cosBsinh O7u_

r2 a0 r roh
y sin- 6 sin @ Qu _ cos@sinf 9u 4 cos 0 sin 0 Bu + sin® @ &u
r " r0 08086 r29 8 r(29 3802 0sinf O
_ 2 cos 0 sin u sin’ u sin? u 3cosfsinf Ou
= cos’OgY — Zeninl Zn 4 OOy + T or T2 o8
u 8u 2cosOsin® d%u sm 6 32 sin® 0 Bu 3cos Osinf Ou
ot =cos? Ok — 2RI T 4 SLOGH SOG4 Jenimi g
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Oou _ Ou 0*u _ 0*u

Use Polar Forms of o & &_y for ax_ 57

%—cosﬂ@—smo@ %_Smg@ cos 6 du
ox or r 06 dy or r 00
& = uls]

~ o] 4 g0
51n0 [smg%_,_ Cos9% + COSQ%LSiHQ%—k cos 0u]
sing (sino 2 (5] 200y "l 0 10

22 (cos 0"y sima (o) — ol i cmo g 00

_ _ 2cosfsinf 8u cos @ sin 0 62
- Sln HW r2 + r oroo
_'_coszO@_i_cosGsinG 8u _cos9s1n98u+cos 0 u
2r 823r r c’)g r { r2 o 962 o

_ : O’u 2cos0sinf O7u cos 0 cos” @ du 30059sm0 u

= sin eaﬂ + r orof + r? + ror r? 0
Fu _ 2 ndu 2cosOsin@ 8%u cos 6 8 u cos @ u 3cosfsinf Ou
gy = sin” Oy + =S s + T T T e
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Polar Forms of — & —

u _ Ou?

for V2u

ox? — 0y?

Ou aau sin @ Ou u o Ou n cos 6 Ju
— =cosf— — — — =sinf— —
ox or r 00 Jdy or r 00
87214 _ 2 LZM 2cos0sin® 8%u sin® 0 9%u sin® 0 Ou 3cosOsinh Ju
o = oS 0y — S s T e Y e T T o0
Fu &u 2cos0sin® 8%u cos’ 0 &%u cos’ 0 Au 3cosOsinh Ju
9?2 — Sln 0572 o + r oroo + 2 902 + r or r2 a0
2 _ 2 i 2 c')izu cos? O4-sin® 0 8 u cos” O+sin® 0 Au
Vau = axz + 8y2 - (COS 0 + sin 9) 6r2 r? + r or
2 32u+18u+ 1 u
U=+ -——+ 5+
orr  ror  r*of?
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