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Abstract 

Experimental vibrational spectra of H, in the collision with a proton at 30 eV in the laboratory frame are compared to 
results from calculations using the electron nuclear dynamics. Nuclei are treated classically. Interpreting the classical 
vibration in terms of a coherent state yields quantum vibrational levels reproducing the experimental results. This result 
indicates that collision dynamics, including vibrational excitation, does not require numerical-grid wave packet dynamics for 
an understanding of the fundamental mechanisms involved, but that the concept of coherent state can provide a simple and 
accurate method to resolve product vibrational states from fully dynamical classical trajectories. 

1. Introduction 

Nuclear degrees of freedom in atomic collisions 
behave quite classically. In fact, differential cross 
sections for elastic scattering can be obtained from 
classical trajectories. The only place where this ap- 
proximation breaks down is in the region of a rain- 
bow angle. But already the early work of Ford and 
Wheeler [l] showed that a semiclassical correction 
could be made to the cross sections, computed from 
classical trajectories, near the rainbow to reproduce 
the quantum results. These corrections are made a 
posteriori on the classical calculations. 

For vibrational excitations in collisions, early work 
by Doll and Miller [2] used the classical S-matrix 
approach to obtain transition probabilities to quan- 
tum vibrational states. Their results compare well to 
quantum approaches. Giese and Gentry [3] analyzed 
the vibrational excitation of H, using classical mo- 
tion of the nuclei on the ground state surface of Hl. 
Their method (named DECENT) entails several ap- 
proximations such as not allowing electronic excita- 

Elsevier Science B.V. 
SSDI 0039-6028(94)01472-8 

tion, charge transfer and nuclear exchange. The DE- 
CENT approach assumes a quadratic approximation 
to the H, surface, with a time-dependent force pro- 
vided by the proton in the collision. Using the quan- 
tum-classical correspondence for a quadratic poten- 
tial, the final quantum vibrational distribution is 
computed. A similar approach, but employing straight 
line trajectories, was presented by Kriiger and 
Schinke [4]. 

Chemists and molecular physicists intuitively 
think of nuclei in molecules as being classical, with 
possible exception for the interpretation of rovibra- 
tional spectroscopy. One could pose the question 
whether similar a posteriori corrections can be 
achieved for classical vibrational motion to obtain 
the distribution over quantum states. In order to 
answer this question in some detail we use the 
classical nuclei approximation to study the product 
H, molecule after a collision with a proton having 
an initial laboratory kinetic energy of 30 eV. 

This collision was experimentally studied by 
Niedner et al. [5]. Their theoretical analysis employs 
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the trajectory surface hopping model (TSH). Baer et 
al. [6,7] used the infinite order sudden approximation 
(IOSA) quantum approach to study this system. Both 
methods use two diabatic potential energy surfaces 
of Hi obtained from a diatomics-in-molecules (DIM) 
approach. This DIM approach includes a representa- 
tion of the nonadiabatic couplings between these 
surfaces. 

Experiment shows a nearly exponential drop for 
the total cross sections for each vibrational state 
between vibrational quantum numbers L’ = 0 and c 
= 6. TSH, with a binning procedure not fully ex- 
plained in this latter, fails to show this behavior, 
while Baer’s IOSA results coincide with those of 
experiment. This would seem to indicate that a quan- 
tum model is necessary to understand vibrationally 
resolved spectra. 

The H+ + Hz collision is studied using the elec- 
tron nuclear dynamics (END) approach [S-lo] at the 
simplest level of approximation, i.e. taking the limit 
of classical nuclei and a single determinental state 
for the electrons. The distinguishing feature of this 
approach is that it is a time-dependent theory, em- 
ploying the time-dependent variational principle as 
the fundamental principle to derive the equations for 
the evolution of the electronic and nuclear parame- 
ters. The END theory uses the instantaneous forces 
between electrons and nuclei, and, thus, does not use 
a priori potential energy surfaces or the Born-Op- 
penheimer approximation. Electron-nuclear cou- 
plings are fully accounted for in the phase space 
metric of the equations. These couplings are very 
important to obtain correct results for dynamics of 
molecular systems [ll]. The structure of the END 
equations is briefly discussed in Section 2. 

Following similar ideas of Giese and Gentry [3] in 
order to compute the appropriate vibrational cross 
sections from the classical nuclear parameters, a 
coherent state analysis is carried out on the asymp- 
totic part of a trajectory. However, no potential 
surface is assumed in the dynamics and charge trans- 
fer and other dynamical processes which were not 
considered in the original DECENT approach are 
included. Excitation levels up to it = 6 are computed 
and compared. The results show excellent agreement 
with experiment suggesting that in collisions, the 
nuclei behave by populating the vibrational states in 
a ‘classical’ fashion in the sense of coherent states. 

A longer paper in preparation analyzes other aspects 
of the dynamics of this system such as charge trans- 
fer and differential cross sections. 

2. END theory 

The ideas behind END are straightforward. The 
theory is discussed in great detail elsewhere [lo] and 
so a brief overview suffices here. 

The time-dependent variational principle (TDVP) 
is used as a unifying principle to derive the dynamic 
equations for the system parameters. The use of the 
TDVP allows the equations of motion to apply not 
only for a fully quanta1 or fully classical treatment, 
but also for a mixed quantum-classical equations of 
motion. For the full quantum approach, with a com- 
plete basis, the TDVP yields the time-dependent 
Schriidinger equation [12]. For a completely classical 
system, the TDVP is just the standard variational 
principle from which the classical Hamilton’s equa- 
tions are obtained. For basis functions which depend, 
in some form, on the classical parameters (e.g. basis 
functions centered on nuclei described classically), 
this approach exhibits nonadiabatic couplings be- 
tween the classical and quantum degrees of freedom. 
These couplings are essential for satisfying conserva- 
tion theorems and for correct behavior of many 
observable quantities [11,13]. 

Approximate dynamical equations are obtained by 
making specific choices of the form of wavefunc- 
tions and which degrees of freedom are to be treated 
classically. For this study the atomic nuclei are 
classical and the electronic basis functions are cen- 
tered on the nuclei. A single Thouless determinant 
[14] is used to describe the electrons. The theory for 
more elaborate wavefunctions has been developed, 
but not implemented in a working code yet [15,16]. 
This approximation has been shown to provide a 
good description for many ion-atom and ion-mole- 
cule reactive collision processes [8,10,17]. 

The Lagrangian is 

Pi 
L=;z(P,.R,-P,.R,)-x- 

k k 2Mk 

-4 /1E,,)/(‘$ Iqe,,>, 

(1) 
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where d/dt acts on the bra and He, contains the 
nuclear repulsion potentials. The TDVP requires 

8/L dt = 0. (2) 

Dynamics requires the wavefunction to be com- 
plex so that the phase space for the electrons is well 
defined. Standard normalized molecular orbital (MO) 
coefficients are redundant, which can be seen from 
the fact that rotations among occupied and unoccu- 
pied states do not change the state. Such a choice of 
MO coefficients as dynamical parameters makes the 
equations singular. Thouless [14] recognized this and 
developed a set of nonredundant parameters z for a 
single determinant. They turn out to be the coset 
representatives of the group U(K), where K is the 
rank of the basis. Single determinants parametrized 
this way are also known as coherent states [10,12,18]. 
The important features of these parameters from the 
point of view of dynamics is that they provide a 
complex, continuous, nonredundant parametrization, 
thus ensuring a proper (generalized) phase space for 
the electronic degrees of freedom. 

In terms of a given spin-orbital basis set (d+; 
i = 1, K} centered on the nuclei, the occupied or- 
bitals of the determinant are 

K 

xtl=4tl+ c +I$ 
p=N+ 1 

(3) 

The first N orbitals 4h form the reference determi- 
nant. If the basis is orthogonal, the virtual dynamical 
orbitals are written in terms of the same coefficients 
as 

N 

xp=4p- c Zih4h. 
h=l 

(4) 

In terms of a nonorthogonal basis the virtual dynami- 
cal orbitals are 

x,= 4p+ 5 4 ‘&I h, 
h=l 

(5) 

where the v coefficients are functions of the com- 
plex, time-dependent t coefficients [8,10]. The or- 
bitals ,yh are nonorthogonal as are x,, but satisfy 
( x, I Xh) = 0. 

Having defined the dynamical parameters for 
electrons and nuclei, the TDVP yields 

I iC 0 iC, 0 li 
. * 
Z 

Ii 

,\E' 

0 -iC* -iC,* 0 

iCJ -iCT C,, -I 

\ 0 0 I 0 

I aE/az * \ 

aE/az 

= aE/aR ’ 

, aE/aP 

where the total energy is 

P,’ 
E=x-+ 

(zlH,,Iz) 

I 2M, (zlz) . 

(6) 

(7) 

The coupling elements in Eq. (6) are 

C= 
a2 In S( z*, R’, Z, R) 

az*az R=R” 

c, = 
a2 In S( z * , R’, Z, R) 

az*aR R=R” 

C RR =-21m 
a2 In S( z * , R’, Z, R) 

aR’aR (8) 
R=R’ 

They are derived from the overlap 

S(z’, R’, z, R) = (z; R’ 1 z; R) (9) 

formed between Thouless determinants at different 
geometries R’, R. 

The TDVP ensures the conservation of important 
physical quantities such as total energy, total mo- 
mentum and total angular momentum [8,10]. 

3. Vibrational analysis 

It is well known that there are quasi-classical 
states in the theory of the harmonic oscillator whose 
expectation values of the position and momenta fol- 
low the classical equations of motion [19]. These are 
also called coherent states, different from the coher- 
ent state electronic wavefunction used in Section 2. 
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For a quantum oscillator with vibrational fre- 
quency w, a vibrational coherent state is written as 

DOI 

where ) n) are the eigenstates of the oscillator Hamil- 
tonian. The vibrational states therefore have a proba- 
bility distribution 

(11) 

The coherent state expectation value of the energy is 

E=(H)=tiw(la12+f). (12) 

The question can be posed whether, when the 
system is initially in the vibrational ground state, the 
product vibrational states follow a coherent state 
distribution. Should this be the case, then as long as 
the vibrational energy levels of interest are approxi- 
mately equidistant, a classical trajectory approach 
can be used to determine the amount of energy put 
into classical vibrational excitation, and then com- 
pute the resulting distribution via coherent states. 
This is in effect the a posteriori quantum analysis of 
the classical vibrational energy in a collision. For 
low energy collisions of chemical interest, only the 
lowest vibrational states of a molecule are excited. 
These are well approximated by energy levels of 
constant separation. 

The kinetic energy of the product molecule to be 
studied can be computed from the final total nuclear 
kinetic energy. Then subtracting the translational 
energy of the center of mass of this molecule results 
in the rovibrational kinetic energy. An estimate of 
the rotational energy for most trajectories using the 
moment of inertia at the equilibrium position shows 
that it is a small fraction of the total rovibrational 
kinetic energy for the H+ + Hz collision. This is 
demonstrated in Section 4. The product molecule 
energy in the center of mass system is obtained by 
projecting the electronic state of the compound sys- 
tem (of H’+ H, in this case) onto that of the 
particular product molecule (H,). The electronic en- 
ergy of that projected state, possibly an electronically 
excited state of the product molecule, minus the 
ground state energy in the given basis gives the 

excitation energy, which, when added to the rovibra- 
tional kinetic energy, yields the energy available for 
quantum rotation and vibration of the product 
molecule in its electronic ground state. 

Assuming that all of that energy is in the vibra- 
tional mode, then this energy E, (which has had the 
zero-point energy already eliminated) is 

E, =fiol& (131 

and so for a given trajectory the populations of the 
vibrational levels are 

exp( -El./r?w) (E”‘hw)“. 
n! (14) 

This procedure is tested on the H ’ + H, system 
where the proton has an initial energy of 30 eV in 
the laboratory frame. 

4. Results 

A pVDZ basis consisting of two s and one p 
orbital (actually p,, p,, and p,> centered on each 
nucleus is used, Past experience has shown this to 
give an excellent description for hydrogenic systems 
of this kind. The initial conditions of the collision 
uses two angles to define the relative orientation of 
the target H, molecule. When all the nuclei are in a 
plane the azimuthal angle C#I is zero, and the angle 0 
defines the orientation of H, with respect to the 
initial direction of the incoming proton. The impact 
parameter of the projectile (H+) assumes values 
between - 6 and 6 au, from the center of mass of the 
Hz in steps of 0.1 or 0.2 au depending on the 
dynamics. Initial values for 8 of O”, 1.5”, 30”, 45”, 
60”, 7.5” and 90” and azimuthal angles C#J of O”, 45” 
and 90” were chosen. The cross sections are found 
by averaging over all the initial orientations. The 
integral over 8 has a weight given by sin 0. 

Table 1 shows the vibrational levels obtained 
from the pVDZ basis for H,, the ‘exact’ vibrational 
levels obtained by Kolos and Wolniewicz [21] and 
what the first six levels are with a constant energy 
difference obtained from the harmonic fundamental 
frequency. As one would expect, a harmonic oscilla- 
tor description is reasonable for the lowest states, but 
is inadequate for higher values of n. 
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Table 1 
Vibrational levels of H,. Exact values from Ref. [21]. Vibrational 
levels for the pVDZ basis using the method of Meyer [22], and 
assuming a constant (harmonic) separation with a fundamental 
frequency of 4477.4 cm-‘. Ah units in cm-’ 

Vib. level Exact pVDZ basis Harmonic 

0 2174.7 2238.7 2238.7 
1 6336.8 6615.6 6716.1 
2 10263.4 10773.8 11193.5 
3 13959.6 14698.7 15670.9 
4 17428.2 18353.8 20148.3 
5 20670.5 21613.6 24625.7 
6 23685.0 24447.9 29103.1 

The experimental setup [5] uses time-of-flight 
spectroscopy to determine the energy loss of the 
outgoing proton with respect to the incoming kinetic 
energy. The spectrum is then fitted to Gaussians. The 
Gaussian peaks fit the vibrational energy levels of 
H, well. The authors do note that there is a shift in 
the peak at higher vibrational levels and suggest that 
this may have to do with rotational excitation of the 
H, molecule. The Gaussians are then integrated to 
give relative values for the cross sections. The spec- 
trum was measured for laboratory scattering angles 
between 0” and 12”. 

The energy E,, is computed for each trajectory 
and the distribution obtained for each impact param- 
eter. Since END does not impose restrictions on the 
dynamics of the nuclei, dissociation is allowed and 
happens, but these trajectories are excluded from the 
vibrational analysis. A cross section for a given 
orientation and vibrational level is computed by 

where P(H,; b, 8, 4) is the probability that charge 
was not transferred from H, to the proton, obtained 
by the projection of the electronic state. These cross 
sections are numerically averaged over initial condi- 

tions to get the final result, which is compared to 
experiment, i.e. 

U(,r) = /?r’2 de sin e/=” d4 a(n; 8, 4) 
0 0 I 

/ n/2 8 de d4, 
0 

/ 11’2sin 
0 

(16) 

where the symmetry of the molecule is used to 
reduce the angular ranges. 

The results for vibrational levels 1 through 6 are 
shown in Fig. 1 compared with experiment and two 
other theoretical results, the TSH [5] and IOSA [7]. 
The experimental cross sections, which are only 
relative, have been normalized so that the first vibra- 
tional excitation coincides with END. The END 
results presented in this figure have been corrected 
by subtracting an estimate of the rotational kinetic 
energy from E,.. The estimate uses the moment of 
inertia for H, at the equilibrium bond distance plus 
the centrifugal distortion. 

Fig. 2 shows the structure of E,., with rotational 
energy subtracted, as a function of impact parameter 

I I I I il I I I 
0 1 2 3 4 5 6 7 8 

Fig. 1. Integral cross sections for vibrational excitation of H, in 
H+ +H,(n = 0) * H+ +H,(n # 0). Experiment and TSH from 
Ref. [5]. IOSA from Ref. [7]. END results using the coherent state 
vibrational population expression on the energy remaining after 
subtracting translational kinetic energy, projecting wavefunction 
on H, state and subtracting estimate of rotational kinetic energy. 
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0.00 l.Lm 2.00 3.M) 4.00 5.00 6.00 

b (a.u.) 
Fig. 2. Vibrational excitation energy of H, in H’ + H,(n = 0) + 
H’ +H,(n # 0) as a function of impact parameter. Values for 
geometries of 0 = 90” and I$ = O”, 45” and 90” are shown, as well 
as the average over all values of 8 and 4. Impact parameters of 
less than 1.4 au generally correspond to breakup channels. The 
hump around 2.5 au is associated with rainbow scattering. Other 
values of fl produce similar results to the ones shown, with the 
largest hump corresponding to (b = 0” and a lack of such for 
&I = 90”. 

for various initial geometries and, in a full thick line, 
the result of averaging over all orientations, not only 
those shown. Other values of 8 show very similar 
characteristics as the ones shown here for 8 = 90”. 
The smaller impact parameters correspond mostly to 
breakup channels. The hump around b = 2.5 au is 
associated with the rainbow angle. The structure of 

Table 2 
Total cross sections for vibrational excitation in Hf + H,(n = 0) 
-+ H+ + H,(n # 0). Experiment and TSH taken from Fig. 9 in 
Ref. (51, END 1 and END 2 are present results. END 1 has had an 
estimate of the rotational energy subtracted from the remaining 
rovibrational energy. END 2 is using all of the rovibrational 
energy. IOSA from Table I in Ref. [7], for laboratory scattering 
angles between O-12” (O-18” in the cm.) 

Vib. state Exp. END 1 END 2 TSH IOSA 

1 4.3 4.35 4.35 5.2 5.3 
2 1.6 1.33 1.43 3.2 2.06 
3 0.56 0.386 0.47 1.5 0.68 
4 0.16 0.112 0.160 0.2 0.209 
5 0.050 0.040 0.062 0.002 0.076 
6 0.017 0.018 0.027 - 0.026 

these plots is similar to the results of Giese and 
Gentry [3]. 

Table 2 presents the numbers used in Fig. 1, 
along with cross sections computed when the esti- 
mate of the rotational energy is not subtracted. For 
the lower vibrational levels, both approaches (with 
and without rotational energies) are essentially the 
same. A clear effect is seen for higher vibrational 
levels. 

5. Conclusions 

The differences with the TSH results are striking. 
The END results using the coherent state distribution 
give the nearly exponential drop that experiment 
measures. The IOSA results are larger than END by 
about 30%. It would be interesting to get new reli- 
able experiments that measure the absolute cross 
sections. The results found by Baer et al. [7] may be 
artificially high because in their IOSA approach the 
breakup channel is excluded and probability that 
would flow into this channel is being artificially 
retained in other channels. The differences between 
the IOSA results and the END results may be smaller 
than the experimental error. The rotational kinetic 
energy is of some importance for higher vibrational 
levels, but not overwhelmingly so, for this system. 

These results show that the classical nuclear tra- 
jectories, when determined in a fully dynamical fash- 
ion carry all the necessary information to yield the 
distribution over quantum levels. This is in itself 
interesting, in the sense that a coherent state interpre- 
tation of the classical evolution correctly predicts the 
distribution over quantum levels. 

Although this is a simple system, with only one 
vibrational mode, the ideas can be extended readily 
to a system with several vibrational modes. The X, y 
and z components of the asymptotic part of the 
trajectory for a fragment with N rovibronic modes, 
with the translational motion eliminated, are ana- 
lyzed in a finite Fourier series with N terms. This 
results in N frequencies, since all Cartesian compo- 
nents have the same frequency content, and 3N 
weights. The weights define the transformation ma- 
trix to the normal modes. The relative weight of each 
of the normal modes in the asymptotic part of the 
trajectory can be obtained by transformation to the 
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normal modes of one configuration. The same proce- 
dure as used here for the single mode system is then 
implemented. First one estimates the rotational en- 
ergy using the inertia tensor of the fragment at any 
configuration on the asymptotic part of the trajec- 
tory. Then the vibrational energy is identified with 
the energy of a multidimensional oscillator coherent 
state, with the frequencies and modes found by the 
finite-mode Fourier analysis. This effectively parti- 
tions the vibrational energy into N parts. The proba- 
bility for each level is then found by using the 
distribution in Eq. (14) for all modes, To obtain total 
cross sections averaging over all orientational angles 
must be carried out as usual. 
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