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The H+ + N2 system at ELab = 30 eV, relevant in astrophysics, is investigated with the simplest-
level electron nuclear dynamics (SLEND) method. SLEND is a time-dependent, direct, variational,
non-adiabatic method that employs a classical-mechanics description for the nuclei and a single-
determinantal wavefunction for the electrons. A canonical coherent-states procedure, intrinsic to
SLEND, is used to reconstruct quantum vibrational properties from the SLEND classical mechan-
ics. Present simulations employ three basis sets: STO-3G, 6-31G, and 6-31G**, to determine their
effect on the results, which include reaction visualizations, product predictions, and scattering prop-
erties. Present simulations predict non-charge-transfer scattering and N2 collision-induced dissoci-
ation as the main reactions. Average vibrational energy transfer, H+ energy-loss spectra, rainbow
angle, and elastic vibrational differential cross sections at the SLEND/6-31G** level agree well with
available experimental data. SLEND/6-31G** results are comparable to those calculated with the
vibrational close-coupling rotational infinite-order sudden approximation and the quasi-classical tra-
jectory method. © 2011 American Institute of Physics. [doi:10.1063/1.3598511]

I. INTRODUCTION

Research on gas-phase proton-molecule reactions is
of primary importance in theoretical and experimental
chemistry. The relevance of those reactions arises from their
prevalence in the upper atmosphere, astrophysical media,
plasmas, particle accelerators, and cancer proton therapy.
Consequently, numerous proton-molecule reactions (e.g.,
H+ + M, with M = H2,1, 2 N2,2–5 O2,2, 4, 6 CO,3–5 HF,3, 7

HCl,3 H2O,8 CO2,2, 7, 9 N2O,9 CH4,10 C2H2,11 CF4,12 SF6,12

etc.) have been investigated in cross-beam scattering exper-
iments. Those experiments provided accurate state-to-state
properties of the investigated reactions and stimulated theo-
retical research on some of them (cf. Ref. 1 and 13, and 14).

Among several proton-molecule reactions, H+ + N2

at intermediate collision energies (i.e., ∼10 eV ≤ ELab

≤ 500 eV) has attracted considerable attention due to
its contribution to the N2H+ formation in interstellar
clouds.15 Therefore, the H+ + N2 reaction has been studied
experimentally2–5 at collision energies ranging from ELab

= 9.8 eV (Ref. 4) to 166 eV (Ref. 2) (Ec.m. = 9.5 eV (Ref. 4)
to 160 eV (Ref. 2). Those experiments revealed that H+ + N2

exhibits a considerable inertia to undergo collision-induced
vibrational excitations and electron-transfer reactions. At
most collision energies, only two vibrational channels, H+ +
N2 (vi = 0) → H+ + N2

(
v f = 0 − 1

)
were detected, with a

clear predominance of the elastic one
(
v f = 0

)
. Only at the

relatively high energy of ELab = 149 eV (Ec.m. = 144 eV),2

were excitations with v f = 2 clearly detected. The vibrational
behavior of H+ + N2 differs markedly from those of the re-
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lated systems: H+ + H2,1 H+ + O2,6 and H+ + CO5 at ELab

= 30 eV, which exhibit excitations with v f up to 6 (H2), 4
(O2), and 2 (CO).

The most comprehensive experiment on H+ + N2 at in-
termediate collision energies was conducted by Krutein and
Linder5 at ELab = 30 eV, with a few additional measure-
ments at ELab = 50 and 79.8 eV. That experiment was
part of a comparative study among the related systems:
H+ + N2, H+ + CO, and H+ + NO. For H+ + N2 at ELab

= 30 eV, Krutein and Linder determined projectile energy-
loss spectra that, similarly to other experiments, revealed
only two vibrational channels, H+ + N2 (vi = 0) → H+

+ N2
(
v f = 0 − 1

)
with the elastic one (v f = 0) clearly fa-

vored. The measured energy-loss spectra allowed the deter-
mination of the average vibrational energy transfer and of dif-
ferential cross sections (DCS) for the elastic channel.

The Krutein and Linder experiment on H+ + N2 at
ELab = 30 eV has become the obligatory standard to ap-
praise theoretical studies of that system. Early attempts at
simulating H+ + N2 were hindered by the lack of H+ − N2

potential energy surfaces (PESs).16 Eventually, ground-state
PESs for that system became available and two important
theoretical studies of the Krutein and Linder experiment were
conducted. The first study by Gianturco et al.17 employed the
quantum-mechanical vibrational close-coupling rotational
infinite-order sudden (VCC-RIOS) approximation on a H+

− N2 ground-state PES at the multireference double-
excitation configuration interaction (MRDCI) level. The
second study by Ritschel et al.16 employed quasi-classical
trajectory (QCT) dynamics on two fits of a H+ − N2 ground-
state MRDCI PES, henceforth, denoted PES I and PES II,
respectively. Overall, both studies reproduced well many of
the results of the Krutein and Linder experiment but at the
considerable cost of constructing complete high-level PESs.
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Unlike the previous approaches, direct-dynamics
methods18 can simulate chemical reactions without the
cumbersome predetermination of complete PESs. With
direct-dynamics methods, the potential energy and forces
acting among the reactants are calculated “on the fly” as
a simulation proceeds. Among several direct-dynamics
methods,18 the electron nuclear dynamics (END) theory19–21

at its simplest level (SLEND) has proven feasible and
accurate to simulate proton-molecule reactions. Developed
by Deumens and Öhrn, END is a time-dependent, varia-
tional, non-adiabatic approach to direct dynamics that can
incorporate different types of methodologies to describe
nuclei and electrons simultaneously. Specifically, SLEND
incorporates a classical-mechanics description for the nuclei
and a single-determinantal wavefunction for the electrons.
SLEND has been successfully applied to the simulation
of various proton-molecule reactions, such as H+ + M,
M = H2,14 CH4,22 H2O,23 C2H2,24, 25 HF,26 CF4,27 etc. Of
relevance to this investigation, a previous SLEND study of
H+ + N2 at ELab = 0.5, 1.5, and 5.0 keV (Ref. 28) predicted
total and electron-transfer differential cross sections in
good agreement with experimental data.28, 29 Those results
certainly endorse this SLEND investigation that primarily
focuses on an additional aspect of H+ + N2: its vibrational
behavior at ELab = 30 eV.

Given its suitability to simulate proton-molecule re-
actions without predetermined PESs, SLEND is herein
applied to H+ + N2 at ELab= 30 eV with the Krutein and
Linder experiment as a main standard for comparison. An
important component in this investigation is a canonical
coherent-states (CS) (Ref. 30) procedure to reconstruct vi-
brational state-to-state properties from the SLEND classical
mechanics.14, 31 With a precedent set by the distribution of ex-
act classical energy transfer (DECENT) method of Giese and
Gentry,32 the SLEND canonical CS procedure was originally
formulated and successfully applied to the calculation of
differential and integral cross sections of H+ + H2 (vi = 0)
→ H+ + H2

(
v f = 0 − 6

)
at ELab = 30 eV.1, 14 The present

investigation proves that the SLEND method involving
computationally feasible approximations (nuclear classical
mechanics, electronic single-determinantal wavefunction,
CS reconstruction of vibrational state-to-state properties)
provides results in good agreement with the experimental
data. Furthermore, these SLEND results exhibit a level of
accuracy comparable to that of the VCC-RIOS and QCT
results obtained with higher computational effort (elaborate
MRDCI PESs in both methods, costly quantum nuclear
treatment in VCC-RIOS). In addition, this investigation pro-
vides a more complete chemical picture of H+ + N2 at ELab

= 30 eV by investigating some details not scrutinized by
the other two theoretical studies (e.g., prediction of reaction
products, time-dependent evolution of the electron density,
etc.).

The present investigation is organized as follows. In
Sec. II, we explain the SLEND theory and its intrinsic CS
procedure to reconstruct vibrational state-to-state properties;
in Sec. III, we present computational details of the performed
simulations; in Sec. IV, we report and discuss the SLEND
results for H+ + N2 at ELab = 30 eV in comparison with

other theoretical and experimental results; finally, in Sec. V,
we present some concluding remarks.

II. THEORETICAL BACKGROUND

A. The SLEND theory

Complete reviews of the END theory and its various
realizations are given in Refs. 19–21. Therefore, only a
brief outline of SLEND is presented here. Every END re-
alization adopts a trial total wavefunction that is treated
under the time-dependent variational principle (TDVP)
(Ref. 33) to obtain dynamical equations. In SLEND, the trial
total wavefunction |�SLEND (t)〉 for a system with NN nuclei
and Ne electrons is the product of a nuclear |R (t) , P (t)〉
and an electronic |z (t) , R (t)〉 wavefunction: |�SLEND (t)〉
= |R (t) , P (t)〉 |z (t) , R (t)〉. |R (t) ,P (t)〉 is a product of
3NN 1D, frozen, narrow, Gaussian wave packets:

〈X |R (t) , P (t)〉 =
3NN∏
i=1

〈Xi |Ri (t) , Pi (t)〉

=
3NN∏
i=1

exp

{
−

(
Xi − Ri (t)

2�Ri

)2

+ i Pi (t) [Xi − Ri (t)]

}
, (1)

with average positions {Ri (t)}, average momenta {Pi (t)},
and widths {�Ri }; those positions and momenta are the vari-
ational parameters of |R (t) ,P (t)〉. In practice, |R (t) ,P (t)〉
is employed in the zero-width limit: �Ri → 0 ∀i , which
renders a nuclear classical dynamics in terms of the conjugate
variables {Ri (t) , Pi (t)}.19–21, 34 |z (t) , R (t)〉 is a single-
determinantal state in the Thouless representation.35 Taking
Ne occupied {ψh}, and K − Ne virtual

{
ψp

}
molecular

spin-orbitals (MSOs), the Thouless single-determinantal state
|z (t) , R (t)〉 from a reference state |0〉 = ∣∣ψNe . . . ψ1〉 is19, 35

|z (t) , R (t)〉 = exp

⎛
⎝ K∑

p=Ne+1

Ne∑
h=1

z ph (t) b†
pbh

⎞
⎠ |0〉 ,

〈x| z (t) , R (t)〉 = det {χh [xh ; z (t) , R (t)]} ,

(2)

where {χh} are the dynamical spin-orbitals (DSOs),19

χh [x; z (t) , R (t)] = ψh [x; R (t)]

+
K∑

p=Ne+1

ψp [x; R (t)] z ph (1 ≤ h ≤ Ne) ,

(3)

whose molecular orbital coefficients are the complex-valued
Thouless parameters {z ph(t)}. The Thouless parame-
ters, acting in pairs of generalized conjugate variables
{z ph(t), z∗

ph(t)},19, 33 and the nuclear wave packets’ positions
{Ri (t)} are the variational parameters of |z (t) , R (t)〉. The
MSOs are obtained at the time-independent unrestricted
Hartree-Fock (UHF) level employing atomic basis set func-
tions placed on the nuclear wave packets’ centers {Ri (t)}. For
that reason, the MSOs, DSOs, and |z (t) , R (t)〉 all depend on
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{Ri (t)}. Like the MSOs, the DSOs are spin-unrestricted so
that the unrestricted determinant |z (t) , R (t)〉 can adequately
describe bond-breaking and bond-forming processes. Unlike
the MSOs, the DSOs are not orthogonal within spin blocks
[cf. Eq. (3)]. Additionally, each DSO in |z (t) , R (t)〉 is a
linear combination of one occupied MSO and all the virtual
MSOs [cf. Eq. (3)]. Therefore, |z (t) , R (t)〉 does not neces-
sarily remain on the ground state during evolution but can
access the excited states. Hence, SLEND is a non-adiabatic
method, quite in contrast with the QCT (Ref. 16) and VCC-
RIOS (Ref. 17) methods, which only employ ground-state
PESs. The advantages of employing a non-standard Thouless
single-determinantal state in SLEND are discussed in full
detail in Ref. 19. It suffices to explain herein that the Thou-
less representation provides a continuous and non-redundant
parameterization of a general single-determinantal state
|z (t) , R (t)〉 out of the reference |0〉; such a parameterization
is numerically advantageous for TDVP treatments.

The SLEND dynamical equations are obtained by sub-
jecting the SLEND trial total wavefunction |�SLEND (t)〉 to
the TDVP.19–21 That procedure implies the construction of the
quantum Lagrangian LSLEND

LSLEND[�SLEND, �∗
SLEND]=〈�SLEND| i

∂

∂t
−ĤT otal |�SLEND〉

× 〈�SLEND | �SLEND〉−1, (4)

with the total Hamiltonian ĤT otal , and imposing the stationary
condition to its associated quantum action ASLEND: δASLEND

[�SLEND, �∗
SLEND] = δ

∫ t2
t1

dt LSLEND [�SLEND, �∗
SLEND] = 0

with respect to the variational parameters: {Ri (t),
Pi (t), z ph(t), z∗

ph(t)} and with the boundary conditions:
δ|�SLEND(t1)〉 = δ|�SLEND(t2)〉 = 0. In the zero-width limit
of the nuclear wave packets (�Ri → 0 ∀i), the mentioned
procedure renders the SLEND dynamical equations for the
variational parameters,19–21⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

iC 0 iCR 0

0 −iC∗ −iC∗
R 0

iC†
R −iCT

R CRR −I

0 0 I 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

dz
dt
dz∗

dt
dR
dt
dP
dt

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂ ET otal

∂z∗

∂ ET otal

∂z
∂ ET otal

∂R
∂ ET otal

∂P

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (5)

with total energy ET otal = ∑NN
i=1 P2

i /2Mi + ∑NN
i=1, j>i

Zi Z j |Ri − R j |−1 + 〈z(t), R(t) | Ĥe|z(t), R(t)〉〈z(t), R(t)
| z(t), R(t)〉−1, and dynamic metric matrices

(CXY )ik, jl = −2Im
∂2 ln S

∂ Xik∂Y jl

∣∣∣∣
R′=R

;

(
CXik

)
ph

= ∂2 ln S

∂z∗
ph∂ Xik

∣∣∣∣∣
R′=R

;

Cph,qg = ∂2 ln S

∂z∗
ph∂zqg

∣∣∣∣∣
R′=R

, (6)

where S = 〈z′(t), R′(t)|z(t), R(t)〉; CR and CRR are the
SLEND non-adiabatic coupling terms. The SLEND dynam-

FIG. 1. H++N2 reactants initial conditions; the spheres represent the classi-
cal nuclei with projectile impact parameter b and target orientation [α, β].

ical Eqs. (5) and (6) are a quantum generalization of the
classical Hamilton equations in symplectic notation33, 34 and
express the coupled nuclear and electronic dynamics in
terms of the pairs of conjugate variables: {Ri (t), Pi (t)} and
{z ph(t), z∗

ph(t)}, respectively. In a SLEND simulation, reac-
tants are prepared in an initial electronic state |z(i), R(i)〉 with
initial positions and momenta {R(i)

i } and {P (i)
i } (cf. Fig. 1) that

determine the initial SLEND wavefunction |�(i)
SLEND〉. The

initial Thouless parameters can be taken as z(i) = 0 so that
|z(i) = 0, R(i)〉 = |0〉, i.e., a UHF single-determinantal state
corresponding to the reactants’ super-molecule. At the end of
a simulation, the final parameters {R( f )

i ,P ( f )
i , z( f )

ph , and z( f )∗
ph }

obtained from Eqs. (5) and (6) determine the final SLEND
wavefunction |�( f )

SLEND〉 from which several dynamical prop-
erties can be calculated.

B. Coherent-states reconstruction of state-to-state
properties

The zero-width limit of the nuclear Gaussian wave pack-
ets |Ri (t),Pi (t)〉, Eq. (1), transforms them into Dirac delta
functions that lack the quantum features of their finite-width
originators. That limit generates the SLEND nuclear classi-
cal dynamics that has no discernible connection to the vi-
brational state-to-state properties of H+ + N2. Nonetheless,
a procedure involving the canonical CS set30 can accurately
reconstruct those properties from SLEND.14, 31 Basically, that
procedure reconstructs the narrow, finite-width wave packets
that would correspond to a SLEND nuclear classical dynam-
ics and calculates from those wave packets vibrational state-
to-state properties by applying the canonical CS set. An out-
line of that CS procedure is given below, while more detailed
accounts can be found in Refs. 14, 31, and 36.

In a Hilbert space, states {|ζi 〉} depending on a parameter
set {ζi } classify as CS if they satisfy two properties:30 (I) The
states {|ζi 〉}are continuous with respect to the parameters {ζi };
and (II) the states {|ζi 〉} achieve resolution of unity with a pos-
itive measure dμ(ζi ):

∫
dμ(ζi )|ζi 〉〈ζi | = 1̂. END has a close

relationship with the CS theory since various types of CS
sets have been employed in its realizations.19, 21, 37 In SLEND,
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two types of CS sets are employed.19 First, each 1D Gaussian
wave packet {|Ri , Pi 〉} of |R(t),P(t)〉, Eq. (1), is a member of
the canonical CS set with real parameters {ζi } = {Ri ,Pi }.30

Second, the Thouless single-determinantal state |z, R〉,
Eq. (2), is a member of the Thouless CS set30 with complex
parameters {ζi } = {z ph}. The original role of those CS sets was
to represent the SLEND total trial wavefunction |�SLEND(t)〉
and supply their CS parameters as adequate variational pa-
rameters for the TDVP treatment.19, 33 However, the canoni-
cal CS set {|Ri , Pi 〉} plays an additional role in the nuclear
vibrational description due to its association with the quan-
tum harmonic oscillator.30 Having a 1D harmonic-oscillator
Hamiltonian ĤH O with mass mi , angular frequency ωi , and
eigenstates |v〉 (v = 0, 1, 2,. . . ), the normalized canonical CS
{|Ri , Pi 〉} are30

|Ri , Pi 〉 = |Zi 〉
= exp

(
−1

2
|Zi |2

)∑
v=0

Zv
i√
v!

|v〉, (v = 0, 1, ...) ,

Zi =
√

miωi
/

2Ri + i
√

1
/

2miωi Pi , (i = 1, ...3NN ) ,

〈Xi |Ri , Pi 〉 =
(miωi

π

)1/4

× exp

[
−

(
Xi − Ri

2�Ri

)2

+ i Pi (Xi − Ri )

]
,

(7)

where �Ri = √
1/2miωi and the alternative complex pa-

rameter Zi comprises the two real parameters Ri and Pi .
Equation (7) provides a resolution of a SLEND 1D nu-
clear wave packet into the eigenstates |v〉. When evolv-
ing with ĤH O , a canonical CS preserves its form
without spreading/squeezing38 and exhibits quasiclassical
behavior.38 In a CS context, the latter means that the CS
average positions 〈Ri , Pi | X̂i |Ri , Pi 〉 = Ri , and momenta
〈Ri , Pi | P̂i |Ri , Pi 〉 = Pi evolve with ĤH O just as the po-
sitions and momenta of its classical-mechanics counterpart
does with the Hamiltonian HH O (Ri , Pi ). The same behaviors
occur under the TDVP. The previous properties allow the re-
construction of quantum vibrational features from the SLEND
nuclear classical dynamics. For instance, if a diatomic
molecule AB is SLEND-simulated in a vibrational mo-
tion, a canonical CS, |ZAB(t)〉, ZAB(t) = √

mABωAB/2RAB(t)
+ i

√
1/2mABωAB PAB(t), can be reconstructed with AB’s ef-

fective mass mAB and vibrational angular frequency ωAB so
that its quasiclassical vibration replicates the SLEND classi-
cal vibration.14, 31 Then, from Eq. (7), the probability to find
the SLEND-simulated molecule AB in the eigenstate |v〉 is a
Poisson distribution Pv :

Pv = exp(−|ZAB|2)
|ZAB|2v

v!

= exp
(−EAB

V ib

/
ωAB

) (
EAB

V ib

/
ωAB

)v

v!
,

EAB
V ib = ωAB |ZAB|2 = 1

2mAB
P2

AB + 1

2
mABω2

AB R2
AB,

(8)

where EAB
V ib is the SLEND classical vibrational energy of

molecule AB.

In a H+ + AB collision, the CS quantum reconstruction
procedure needs to be applied to AB only at initial and final
times to resolve dynamical properties into the initial and
final vibrational eigenstates of AB.14, 31, 36 At those times, H+

and AB are so separated that AB can be considered as an
isolated molecule. However, the actual application of the CS
procedure to an isolated AB is more involved than that of the
above example, because that molecule may not be in a single
vibrational motion but in a combination of translational and
rovibrational motions.14, 31, 36 At initial and final times, the
AB nuclear wavefunction |�AB

N 〉 of its total wavefunction
|�AB

SLEND〉 = |�AB
N 〉|�AB

e 〉 can be reconstructed with finite
widths �Ri so that their positions and momenta match those
of the SLEND nuclear classical dynamics. By changing from
the variables {Ri , Pi } to those of the AB center of mass
and the internal ones, assuming harmonic vibrations, and
adopting the rigid-rotor approximation39 of spectroscopy to
separate rotational and vibrational motions, |�AB

SLEND〉 and its
total energy EAB

T otal become31, 36 |�AB
SLEND〉 = |�AB

T rans〉|�AB
Rot 〉

|�AB
V ib〉|�AB

e 〉 and EAB
T otal = EAB

T rans + EAB
Rot + EAB

V ib + EAB eq.
e ,

respectively, where all separations are exact, except for that
between rotational and vibrational motions.31, 36 |�AB

T rans〉
is a 3D wave packet describing the center-of-mass trans-
lational motion, |�AB

Rot 〉 is a wavefunction describing the
AB rotation,31, 36 and |�AB

V ib〉 is a canonical CS describing
quasiclassically the AB vibration. EAB

T rans is AB center-of-
mass translational energy, EAB eq.

e is AB total electronic
energy at its equilibrium bond distance RAB eq., and EAB

Rot
= L2

AB/2 mAB R2
AB eq. is the estimated AB rotational energy

as a rigid rotor of length RAB eq., where LAB and mAB are AB
total angular momentum and effective mass, respectively.31, 36

Therefore, the vibrational energy EAB
V ib associated with

the canonical CS |�AB
V ib〉 is estimated as EAB

V ib = EAB
T otal

− EAB
T rans − EAB

Rot − EAB eq.
e , where the last four terms are

readily obtained from a SLEND simulation. EAB
V ib is then used

in Eq. (8) to resolve |�AB
V ib〉 and pertinent dynamical proper-

ties into the AB vibrational eigenstates |v〉 (See Sec. IV C).
The described canonical CS procedure assumes that the

AB molecule exhibits harmonic behavior; however, that pro-
cedure also works well with molecules having a moderate de-
parture from harmonic behavior (e.g., H2 in Ref. 14 and N2 as
shown in Sec. IV C below). The canonical CS procedure for
a diatomic molecule can be readily generalized to each of the
vibrational normal modes of a polyatomic molecule. An anal-
ogous procedure to reconstruct quantum rotational properties
via a rotational CS is discussed in Ref. 36. That rotational CS
will be used to calculate rotational transitional probabilities
in H+ + N2 and other systems in the near future. The Thou-
less CS set should describe the quantum electronic dynamics,
and therefore it does not exhibit a quasiclassical behavior with
the electronic Hamiltonian. Nonetheless, a quasiclassical CS
set for electrons has been proposed in the context of quan-
tum/classical methods.40

III. COMPUTATIONAL DETAILS

Present SLEND calculations are conducted with our
program CSDYN 1.0 (A. Perera, T. V. Grimes, and J. A.
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FIG. 2. Four sequential snapshots of a SLEND/6-31G** simulation of
H++N2 at ELab = 30 eV from target orientation [135◦, 0◦] and b = 1.6 a.u.
Time is given in femtoseconds. The spheres represent the nuclei (blue spheres
= N, white sphere = H) and the colored clouds, electron density isosurfaces
that increase in value through the sequence: blue, cyan, green, yellow, and
red. The snapshots show non-charge-transfer scattering, Eq. (9).

Morales, CSDYN 1.0, Texas Tech University, Lubbock,
Texas, 2008-2010), developed from the ENDYNE 2.7 and 2.8
programs (E. Deumens et al., ENDYNE: Electron Nuclear
Dynamics Simulations, Version 2 Release 8, Quantum Theory
Project, University of Florida, 1997). Distinct features of
CSDYN 1.0 include: a novel END/Kohn-Sham (KS) density-
functional-theory (DFT) method (END/KSDFT),41 effective
core potential implementations in SLEND and END/KSDFT,
auxiliary codes to calculate dynamical properties, and visual-
ization tools to prepare animations of the simulated reactions
(cf. Fig. 2).

Present SLEND calculations use three atomic basis
sets: 6-31G**, 6-31G, and STO-3G. 6-31G** is the routine
middle-size basis set for time-independent electronic struc-
ture calculations and is taken as such for the present time-
dependent calculations. Comparison of SLEND/6-31G** and
SLEND/6-31G simulations aims at determining the effect of
polarization functions on the results; overall, that effect turns
out to be moderate although SLEND/6-31G** proves more
accurate than SLEND/6-31G as shown below. SLEND/STO-
3G simulations aim at determining the quality of dynamics
with a minimal basis set. Although SLEND/STO-3G satisfac-
torily predicted some dynamical properties of H+ + CH4,22

H+ + C2H2
25 at ELab = 30 eV and H+ + H2O23 at ELab

= 49 eV, that is not the case with some properties of
the present system as discussed below. As is known in
time-independent electronic structure theory,39 6-31G and
6-31G** render better electronic and structural Hartree-Fock
properties for N2 than STO-3G (e.g., better ionization
energies and better bond distances). However, the effect of
those basis sets on the dynamics of this system is investigated
herein for the first time.

The initial nuclear variables {Ri (t),Pi (t)} for the reac-
tants H+ and N2 in the present simulations are shown in
Fig. 1. The nuclei initially forming the target N2 are labeled
N(1) and N(2), respectively, and the nucleus of the incoming
H+ projectile is labeled H. The initial target N2 is in its

FIG. 3. Nuclear relative distance vs. time of a SLEND/6-31G** sim-
ulation of H++N2 at ELab = 30 eV from orientation [135◦, 0◦] and b
= 1.6 a.u., a non-charge-transfer scattering, Eq. (9). The N(1)- H relative
distance indicates that the reactants’ closest approach occurs at ∼1405 a.u
( = 33.98 fs.). The N(1)-N(2) relative distance indicates that N2 remains
bonded and oscillating after that closest approach.

UHF electronic ground state and equilibrium geometry,
at rest (P(i)

N(1) = P(i)
N(2) = 0), and with its center of mass at

(0.0,0.0,0.0). From the CS quantum reconstruction proce-
dure, those initial conditions correspond to the N2 vibrational
ground state |vi = 0〉. The angular orientation [α, β] of the
initial target is determined by the angles α (0◦ ≤ α ≤ 180◦)
and β (0◦ ≤ β ≤ 360◦) measured from the N(1) terminus
(cf. Fig. 1). The H+ projectile is initially placed at (b, 0.0,

−50.00 a.u.), where b ≥ 0 is the impact parameter, and with
initial momentum P(i)

H+ = (0.0,0.0,+P (i)
H+ ) corresponding to

a kinetic energy ELab = P (i)2
H+ /2MH+ = 30 eV. The SLEND

simulations start from a set of target orientations [α, β] and
projectile impact parameters b. By taking advantage of the
D∞h symmetry of N2, only angles in the ranges 0◦ ≤ α

< 180◦ and 0◦ ≤ β ≤ 90◦ need to be considered in order
to generate non-equivalent initial orientations. Within those
ranges, α and β are varied in steps of �α = 45◦ and �β

= 45◦, which generates 9 non-equivalent initial orientations.
For each of those orientations, the impact parameter b is var-
ied in the range 0.0 ≤ b ≤ 7.9 a.u. in steps of �b = 0.1 a.u.

Those initial conditions generate 720 individual simula-
tions. Each simulation is run for a total time of 2900 a.u.
(= 70.14 fs), which allows a complete separation of the
products. To check long-term behaviors, a few trajectories
were run for a total time of 4500 a.u. (= 108.85 fs; cf.
Figs. 2 and 3). When a simulation is complete, its final state is
analyzed to characterize the simulated process and calculate
various dynamical properties.

IV. RESULTS AND DISCUSSION

A. Reactive processes and simulations analysis

Present SLEND simulations of H+ + N2 at ELab

= 30 eV predict only two reactive processes, namely:
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TABLE I. Collision processes from selected target orientations [α, β] vs.
impact parameter b and employed basis set (STO-3G, 6-31G, and 6-31G**):
NCTS, non-charge-transfer scattering, Eq. (9); N ≡ ND, N2 collision-
induced dissociation, Eq. (10).

Collision processes

[α,β] b (a.u.) SLEND/STO-3G SLEND/6-31G SLEND/6-31G**

[
0◦, 0◦] 0.0–0.2 N ≡ ND NCTS NCTS

0.3–6.9 NCTS NCTS NCTS[
45◦, 0◦] 0.0–0.6 NCTS NCTS NCTS

0.7–1.3 N ≡ ND NCTS NCTS
1.4–6.9 NCTS NCTS NCTS[

90◦, 0◦] 0.0–0.2 N ≡ ND N ≡ ND NCTS
0.3–0.7 N ≡ ND NCTS NCTS
0.7–6.9 NCTS NCTS NCTS[

135◦, 0◦] 0.0–6.9 NCTS NCTS NCTS

� Non-charge-transfer scattering (NCTS), where the H+

projectile is scattered off while exciting the vibrational
degree of freedom of N2 and, in a much lesser extent,
the rotational and electronic ones:

H+ + N ≡ N (vi = 0) → H+ + N ≡ N
(
v f

)
(NCTS) .

(9)

� Collision-induced N2 dissociation (N ≡ N D):

H+ + N ≡ N (vi = 0) → Hq + Nq ′ + Nq (N ≡ N D),

q + q ′ + q ′′ = +1.

(10)

Table I lists those processes from selected target orienta-
tions as a function of the impact parameter b and employed
basis sets. In the present simulations, N ≡ N D only occurs
at a few small impact parameters b ≤ 1.30 a.u. SLEND/6-
31G** predicts no N ≡ N D. SLEND/STO-3G predicts con-
siderably more N ≡ N D events than SLEND/6-31G, but
this is likely an overestimation by that minimal basis set. In
most SLEND simulations of H+-molecule reactions,14, 22, 23, 25

a non-dissociative process is a combination of NCTS and
charge-transfer scattering, each with a probability to hap-
pen. In the present simulations, the probability of the charge-
transfer scattering H+ + N2 → H + N+

2 is negligible; there-
fore, no significant charge-transfer reaction is predicted for
H+ + N2 at ELab = 30 eV in agreement with experiments.2–5

Similarly, the present simulations do not predict N2H+ forma-
tion: H+ + N2 → N2H+. Obviously, 30 eV is too high an en-
ergy to lead to a stable N2H+. Energies lower than 30 eVmay
lead to N2H+ formation.

Figure 2 shows four sequential snapshots of a SLEND/6-
31G** simulation of H++N2 at ELab = 30 eV from orien-
tation [135◦, 0◦] and b = 1.6 a.u. that leads to a NCTS pro-
cess. In Fig. 2, the spheres represent the nuclei (blue spheres
= N, white sphere = H) and the colored clouds represent
electron density isosurfaces that increase in value through the
color sequence: blue, cyan, green, yellow, and red. In Fig. 2,
the H+ projectile approaching N2 perturbs the latter’s elec-
tron density. A temporary electron transfer from N2 to H+

occurs during their closest approach, but the projectile is fi-
nally scattered as H+ without gaining one electron. Figure 3
shows the N (1) − N (2) and N (1) − H relative distances vs.
time for the same simulation of Fig. 2. After the time of
the closest H+ − N2 approach (∼1405 a.u. = 33.98 fs.),
the N (1) − N (2) relative distance indicates that N2 remains
bonded and vibrating. The features shown in Figs. 2 and 3
(moderate vibrational excitation, slight rotational and elec-
tronic excitations, no charge transfer) are common to all the
simulated NCTS. That considerable inertia of N2 during H+

collisions at ELab = 30 eV is in agreement with experimental
results.2–5

B. Scattering patterns

The outgoing H+ scattering angle θLab (b) as a function
of the impact parameter b is of particular interest because
it provides details of the dynamics and takes part in the
calculation of differential cross sections. From the initial
conditions in Fig. 1, the outgoing H+ scattering angle θLab

relative to the positive z-axis is

sin θLab =
(

P ( f )2
H+

x
+ P ( f )2

H+
y

)1/2

(
P ( f )2

H+
x

+ P ( f )2
H+

y
+ P ( f )2

H+
z

)1/2 ;

(0 ≤ θLab ≤ 180◦) , (11)

where {P ( f )
H+

i
}(i = x, y, z) are the H+momentum components

at final time. θLab(b) is related to the deflection func-
tion �Lab(b):42 θLab(b) = |�Lab(b)|, where �Lab(b) > 0
(< 0) for repulsive (attractive) scattering. Figure 4 shows
representative plots of θLab(b) vs. b from the [90◦, 0◦]
orientation for each basis set. As is usual in H+-molecule
collisions,14, 22, 23, 25–27 θLab(b) exhibits a forward glory
scattering angle42 θLab(bFG) = 0◦ (i.e., no deflection) at
b = bFG and a classical rainbow scattering angle42 θLab(bR)
= θC.R.

Lab at b = bR > bFG that is a maximum of θLab(b) (cf.
Fig. 4). bFG separates the repulsive (b < bFG) and attractive

FIG. 4. H+ scattering angle θLab (b) vs. impact parameter b from [90◦, 0◦]
orientation at the SLEND/STO-3G, /6-31G, and /6-31G** levels. The max-
ima in θLab (b) are the classical rainbow scattering angles θC.R.

Lab
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TABLE II. Classical θC.R.
Lab and semi-classical θ SC.R.

Lab rainbow scattering an-
gles from selected target orientations [α, β]; all values in deg. (◦).

SLEND/STO-3G SLEND/6-31G SLEND/6-31G**

[α, β] θC.R.
Lab θ SC.R.

Lab θC.R.
Lab θ SC.R.

Lab θC.R.
Lab θ SC.R.

Lab

[0◦, 0◦] 18.3 16.0 12.5 10.4 14.1 11.8
[45◦, 0◦] 13.7 11.6 10.8 8.8 11.4 9.4
[90◦, 0◦] 13.1 11.1 10.4 8.5 11.0 9.1
[135◦, 0◦] 14.7 12.7 10.5 8.6 11.9 9.8

(b > bFG) intervals of the projectile-target interaction; θC.R.
Lab

corresponds to the maximum attractive deflection of the
projectile. Rainbow angle values are related to the parameters
defining analytical projectile-target PESs;42 therefore, an
accurate prediction of a rainbow angle indicates a good
description of the projectile-target interaction. The θC.R.

Lab
values from selected target orientations are listed in Table II
along with their semi-classical counterparts θ SC.R.

Lab . The
semi-classical rainbow angles are obtained from the semi-
classical calculation of differential cross sections (see Sec.
IV C). Closer to a quantum treatment, θ SC.R.

Lab values are more
accurate than the θC.R.

Lab ones and are therefore considered as
the best rainbow angle prediction in this study. As shown
in Table II, most θ SC.R.

Lab with SLEND/6-31G and /6-31G**
are close to the experimental rainbow angle θ

Expt.R.

Lab = 9◦,5

which suggests a good description of the H+ − N2 interaction
by SLEND/6-31G and /6-31G**. Moreover, θ SC.R.

Lab values
with those basis sets differ moderately in the range: 0.6◦

< (θ SC.R. 6−31G∗∗
Lab − θ SC.R. 6−31G

Lab ) < 1.6◦ over all the tested
target orientations. This suggests that addition of polariza-
tion functions to a basis set has a moderate effect on the
rainbow angle prediction. In contrast, values of θ SC.R.

Lab with
SLEND/STO-3G do not agree well with the experimental
rainbow angle. This indicates that the H+ − N2 interaction
computed with the STO-3G basis set in the SLEND frame-
work are less accurate than those computed with the 6-31G
and 6-31G** basis sets.

C. Vibrationally resolved properties and average
vibrational energy transfer

Calculation of vibrationally resolved properties from
SLEND simulations follows from the canonical CS procedure
outlined in Sec. II B. That procedure assumes negligible
anharmonicity in N2. To test that condition, Table III lists
the N2 vibrational energies for v = 0 − 2 from the numerical
solution of the nuclear Schrödinger equation at the Hartree-
Fock(HF)/6-31G and /6-31G** levels, E Num.

v , and from the
harmonic approximation, E Har.

v . Table III also lists the same
data for H2 at the HF/pVDZ level used in the SLEND study
of H+ + H2 (vi = 0) → H+ + H2 (v f = 0 − 6) at ELab

= 30 eV.14 To estimate the degree of anharmonic-
ity, Table III shows the relative differences |(E Num.

v
− E Num.

v−1 ) − 2E Num.
0 | × 100/2E Num.

0 per vibrational level
v , which measure the relative deviation of the energy level
separations E Num.

v − E Num.
v−1 from the constant harmonic sepa-

ration hνNum. = 2E Num.
0 ; also given are the experimental and

theoretical frequencies at the HF/6-31G and /6-31G** levels

TABLE III. N2 and H2 vibrational energy levels calculated numerically at
the Hartree-Fock (HF) level with different basis sets, E Num.

v , and assuming
harmonic separation, E Har.

v . The H2 data were used in Ref. 14. Values of
|(E Num.

v − E Num.
v−1 ) − 2E Num.

0 | × 100/2E Num.
0 are given between parenthe-

ses to estimate anharmonicity (see text). Experimental (NIST data set) and
calculated (harmonic approximation) frequencies of N2 are also listed. All
values are in cm−1.

N2 H2

Vibrational level E Num.
v 6-31G** E Har.

v E Num.
v PVDZ E Har.

v

v =0 1374.4 1374.4 2238.7 2238.7
1 4086.2 (1.35) 4123.2 6615.6 (2.24) 6716.1
2 6691.6 (5.22) 6872.0 10 773.8 (7.13) 11 193.5

Vibrational level E Num.
v 6-31G E Har.

v N2 Vibrational frequencies

v =0 1297.5 1297.5 Expt.: 2358.6
1 3750.1 (5.49) 3892.5 HF/6-31G**: 2758.0
2 5969.4 (14.5) 6487.5 HF/6-31G: 2662.2

within the harmonic approximation. Table III reveals that
both N2 and H2 depart moderately from harmonic behavior
for v = 0 − 2 and that N2 at the HF/6-31G** level is less
anharmonic than H2 at the HF/pVDZ level. Since the canon-
ical CS procedure proved accurate in H2 excitations with v f

= 0 − 6,14 it should be accurate in the low N2 excitations with
v f = 0 − 1, where anharmonic effects are less prominent.
Results shown below corroborate that expectation.

The first vibrational property to be examined is
the average vibrational energy transfer to N2 by H+

collision, 〈�EV ib(θLab)〉. In an individual SLEND sim-
ulation from impact parameter b and target orienta-
tion [α,β], the vibrational energy transfer to N2 by a
H+ scattered to θLab(b; [α, β]) is �EV ib[θLab(b; [α, β])]
= EN2( f )

V ib (b, [α, β]) − EN2(i)
V ib (b, [α, β]), where the last two

terms are the N2 vibrational energies at final and ini-
tial times, respectively (see Sec. II B for their evalua-
tion). 〈�EV ib(θLab)〉 is obtained by averaging the values
of �EV ib[θLab(b; [α, β])] from all the performed simu-
lations (cf. Refs. 14 and 22). Figure 5 shows plots of
〈�EV ib(θLab)〉 vs. θLab calculated at the SLEND/6-31-G**,
/6-31G, and /STO-3G levels along with the result from
the Krutein and Linder experiment.5 SLEND/6-31G** and
/6-31G 〈�EV ib(θLab)〉 differ slightly from each other but
both agree well with the experimental result. However,
SLEND/STO-3G 〈�EV ib(θLab)〉 differs considerably from
the experimental result by as much as 190 meV. Such a dis-
crepancy indicates that the SLEND/STO-3G description of
the H+ − N2 interaction is not accurate enough. In Fig. 6, the
SLEND/6-3G** 〈�EV ib(θLab)〉 is compared with its counter-
parts from VCC-RIOS (Ref. 17) and QCT (Ref. 16) calcula-
tions and again with the experimental result. The SLEND/6-
31G** result is somewhat comparable to the QCT/PES
II result.5 Curiously, the entirely quantum-mechanical
VCC-RIOS result departs farther from the experimental re-
sult than the SLEND/6-31G** and QCT ones, despite the fact
that the last two methods employ nuclear classical mechanics.

The Krutein and Linder experiment also reported proton
energy loss spectra for v f = 0−1 at scattering angles θLab

= 5◦ and 8◦.5 The calculation of the energy loss spectrum
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FIG. 5. N2 average vibrational energy transfer during collision. Results at
the SLEND/STO-3G, /6-31G, and /6-31G** levels are compared with the
experimental result.(See Ref. 5).

with SLEND is similar to that of 〈�EV ib(θLab)〉 with the
difference that the probability Pv [θLab (b; [α, β])] to find
the final N2 target in its vibrational eigenstate |v f 〉 is now
the sought property instead of �EV ib[θLab(b; [α, β])]. As
explained in Sec. II B, Pv [θLab(b; [α, β])] is the canon-
ical CS Poisson distribution, Eq. (8), evaluated with the
N2 final vibrational energy EN2( f )

V ib (b, [α, β]). The proton
energy spectrum is obtained by averaging the values of
Pv [θLab(b; [α, β])] from all the performed simulations.
Figure 7 shows the SLEND/6-31G** and /6-31G energy
loss spectra along with the experimental results. The posi-
tions of the calculated peaks are slightly shifted from the
experimental ones because the HF/6-31G** and /6-31G
vibrational energies differ slightly from their experimen-
tal counterparts. Inspection of the peak intensities in
Fig. 7 shows that the SLEND/6-31G** spectra compares
well with the experimental results at θLab = 5◦ and 8◦.

FIG. 6. N2 average vibrational energy transfer during collision. The result
at the SLEND/6-31G** level is compared with those from VCC-RIOS (see
Ref. 17) and QCT (see Ref. 16) calculations and from an experiment. (see
Ref. 5).

FIG. 7. H+energy loss spectra computed at θLab = 5◦ and 8◦. Results at
the SLEND/6-31G and /6-31G** levels are compared with the experimental
results. (See Ref. 5).

The SLEND/6-31G spectra also compare well at θLab

= 5◦, but slightly overestimates the v = 1 peak at θLab = 8◦;
that might result from the relatively higher anharmonicity of
N2 at the HF/6-31G level than at the HF/6-31G** one (cf.
Table III). Since SLEND/6-31G** provides better spectra,
the vibrationally resolved differential cross sections will be
calculated at that level below. The good spectrum prediction
by SLEND/6-31G** likely comes from two factors: first,
the adequacy of the canonical CS Poisson distribution
Pv [θLab(b; [α, β])] with the moderately anharmonic N2 at v f

= 0−1, and second, the accuracy of the N2 final vibrational
energy EN2( f )

V ib (b, [α, β]) as reflected by the SLEND/6-
31G** 〈�EV ib(θLab)〉 in Figs. 4 and 5; EN2( f )

V ib (b, [α, β]) is
the critical input of Pv [θLab (b; [α, β])], Eq. (8). In contrast,
SLEND/STO-3G values of EN2( f )

V ib (b, [α, β]) are far less ac-
curate, as reflected by the SLEND/STO-3G 〈�EV ib(θLab)〉 in
Fig. 4, so that the SLEND/STO-3G proton energy loss spectra
and other vibrationally resolved properties are inaccurate.

The Krutein and Linder experiment also reported DCS
for the H+ + N2(vi = 0) → H+ + N2(v f = 0) channel.5 As
discussed in Refs. 14 and 26, DCS evaluations with SLEND
involve adapting pertinent semi-classical expressions for DCS
(Refs. 42 and 43) to the SLEND dynamics and the canon-
ical CS quantum reconstruction procedure. The employed
semi-classical formulae are evaluated in the center-of-mass
frame (θc.m.), but the resulting DCS are transformed back to
the laboratory frame (θLab). A first approach to the vibra-
tional state-to-state DCS dσ0→v f (θc.m.)/d�|[α,β] for simula-
tions from the orientation [α,β] is obtained via the stationary
phase approximation:26, 42, 43

dσ0→v f (θc.m.)

d�

∣∣∣∣
[α,β]

=
∣∣∣∣∣

N∑
m=1

f [α,β]
m (θc.m.)

∣∣∣∣∣
2

;

f [α,β]
m (θc.m.) =

[
Pv f (bm) bm

sin θc.m.

∣∣d�c.m. (b)
/

dbm

∣∣
]1/2

× exp [iδ (bm)]|[α,β], (12)
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where f [α,β]
m (θc.m.), Pv f (bm), and δ(bm) are the scattering

amplitude, canonical CS Poisson distribution, Eq. (8), and
phase shift, respectively, from the N simulations whose
H+’s scatter in the direction θc.m. (N = 3 for θc.m.< θC.R.

c.m.

and N = 1 for θc.m.> θC.R.
c.m. ); δ(bm) is obtained by integrat-

ing dδ(b)/db = (k/2)�c.m.(b),42, 43 where k is the collision
wavenumber. Equation (12) is accurate when θc.m. is far from
θC.R.

c.m. but incorrectly predicts a steep drop in the DCS from
the lit (θc.m. < θC.R.

c.m. ) to the dark (θc.m. > θC.R.
c.m. ) region and

an unphysical classical rainbow singularity at θc.m. = θC.R.
c.m.

(the glory angle singularity42 at θc.m. = 0◦ is irrelevant here
because the experimental DCS are for θc.m. � 0◦ (Ref. 5)).
Those problems can be solved by employing a combination
of the uniform and transitional Airy approximations.42, 43 In
that approach, the two scattering amplitudes in Eq. (12) corre-
sponding to the two H+ trajectories whose coalescence causes
the classical rainbow singularity (cf. Fig. 4), say f [α,β]

2 (θc.m.)
and f [α,β]

3 (θc.m.), are substituted by a single scattering ampli-
tude f [α,β]

23 (θc.m.):

f [α,β]
23 (θc.m.) =

⎧⎪⎪⎨
⎪⎪⎩

π1/2 exp
[
i
(

A23 − 1
4π

)] [
B+ξ

1/4
23 Ai (−ξ23) − i B−ξ

−1/4
23 Ai ′ (−ξ23)

] (
θc.m. < θC.R.

c.m.

)
(

2πbR

k sin (θc.m.)

)1/2 exp
{
i
[
2δ (bR) − kbRθc.m. − 1

4π
]}

|qR|1/3 Ai

(
θc.m. − θC.R.

c.m.

|qR|1/3

) (
θc.m. ≥ θC.R.

c.m.

) , (13)

where Ai and Ai ′ are the Airy function and its
first derivative, qR = (1/2k2)d2�c.m. (bR)/db2, B±(θ )
= | f [α,β]

2 (θc.m.) | ± | f [α,β]
3 (θc.m.) |, A23(θc.m.) = 1/2[2δ(b3)

+ 2δ(b2) − k(b3 + b2)θc.m.], and ξ23(θc.m.) = {3/4[2δ(b3)
− 2δ(b2) − k(b3 − b2)θc.m.]}2/3. f [α,β]

23 (θc.m.) uses the uniform
and the transitional Airy approximations in the lit and dark
regions, respectively; both approximations become identical
at θc.m. = θC.R.

c.m. . The combined use of Eqs. (12) and (13)
provides very accurate DCS that do not display the above-
mentioned problems near θC.R.

c.m. . For instance, those DCS do
not exhibit an unphysical singularity at θc.m. = θC.R.

c.m. but in-
stead a bounded rainbow maximum at θc.m. = θ SC.R.

c.m. < θC.R.
c.m.

that corresponds to the principal maximum of the Airy
function.42 Some θ SC.R.

c.m. values in the laboratory frame,
θ SC.R.

Lab , were given in Table II. dσ0→v f (θc.m.)/d�|[α,β] is
therefore calculated by combining Eqs. (12) and (13).
The finally reported SLEND DCS involves transforming
dσ0→v f (θc.m.)/d�|[α,β] to the laboratory frame and averaging
them over all the target orientations [α,β].14, 22, 26

Figure 8 compares the DCS for the H+ + N2 (vi = 0)
→ H+ + N2

(
v f = 0

)
channel from SLEND/6-31G**, VCC-

RIOS,17 and QCT (Ref. 16) calculations and from the Krutein
and Linder experiment.5 The last three DCS, originally re-
ported in arbitrary units, have been normalized to the abso-
lute SLEND/6-31G** DCS at the position of the experimental
rainbow angle θ

Expt.R.

Lab = 9◦.5 The three theoretical DCS lie
close to the experimental results. The VCC-RIOS DCS shows
a rainbow angle maximum at θLab ≈ 7◦ that is 2◦ lower than
the experimental one. The QCT DCS are calculated with a
purely classical-mechanics expression, which can be obtained
from Eq. (12) if its sum involving scattering amplitudes is
performed incoherently and without the Airy approximations.
Therefore, unlike the SLEND/6-31G** DCS, the QCT DCS
lacks the correction to the classical rainbow singularity and
quantum oscillating patterns of the semi-classical theory. The
QCT DCS were only reported for some discrete scattering an-
gles; therefore, the QCT DCS does not show a clear rainbow

angle maximum but a shoulder between θLab = 10◦ and 12◦

that must contain the classical rainbow angle singularity at an
angle which is not plotted. Therefore, the predicted QCT rain-
bow angle is 1◦ to 3◦ larger than the experimental one. That
overestimation is typical of a classical rainbow angle not cor-
rected semi-classically (cf. Table II). The SLEND/6-31G**
DCS exhibits a rainbow angle maximum at θLab ≈ 8.6◦ that
is only 0.4◦ smaller than the experimental one. The agreement
of the SLEND/6-31G** DCS for the inelastic channel with
the experimental results is very good with regard to values,
features, and rainbow angle prediction.

Finally, Fig. 9 compares the DCS for the H+ +
N2 (vi = 0) → H+ + N2

(
v f = 1

)
channel from SLEND/6-

FIG. 8. Differential cross sections for the H++N2 (vi = 0)
→ H++N2

(
v f = 0

)
elastic channel at ELab = 30 eV vs. scattering

angle: SLEND/6-31G**, VCC-RIOS, (see Ref. 17) QCT, (see Ref. 16)
and experimental (see Ref. 5) results. The last three results reported in
arbitrary units are normalized to the absolute SLEND/6-31G** DCS at the
experimental rainbow angle θ

Expt.
Lab = 9◦.
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FIG. 9. Differential cross sections for the H++N2 (vi = 0)
→ H++N2(v f = 1) inelastic channel at ELab = 30 eV vs. scattering angle:
SLEND/6-31G**, VCC-RIOS, (see Ref. 17) QCT/PES I and QCT/PES
II (see Ref. 16) results. The last three values have been normalized as in
Fig. 8.

31G**, VCC-RIOS,17 and QCT (Ref. 16) calculations. Again,
the VCC-RIOS and QCT DCS, originally reported in arbi-
trary units, have been normalized following the criteria used
in Fig. 8. No experimental DCS are available for the consid-
ered channel and only a comparison among theoretical re-
sults is possible. Figure 9 shows that the three types of in-
elastic DCS differ somewhat among themselves. Percepti-
bly, the SLEND/6-31G** DCS are closer to the QCT ones
than to the VCC-RIOS ones: a comparison similar to that
among the average vibrational energy transfers from the same
theories. The relative positions of the rainbow angle max-
ima of the inelastic DCS in Fig. 9 follow the same order of
their counterparts in the elastic DCS in Fig. 8: θVCC−RIOS

Lab

< θSC.R.SLEND
Lab < θ

QCT
Lab .

V. CONCLUDING REMARKS

The SLEND method19–21 has been applied to the H+

+ N2 system at ELab = 30 eV. As the simplest realization of
the END theory,19–21 SLEND adopts a classical-mechanics
description for the nuclei and a single-determinantal wave-
function for the electrons. In this study, SLEND is associ-
ated with a canonical CS procedure14, 31, 36 to reconstruct vi-
brational state-to-state properties from the SLEND classical
mechanics. The primary goal of this study is to reproduce
the main results of the seminal experiment on H+ + N2 at
ELab = 30 eV by Krutein and Linder5 and to simulate dy-
namical details and properties that are not accessible in that
experiment. A secondary goal of this study is to compare the
SLEND results on H+ + N2 at ELab = 30 eV with those ob-
tained with two alternative theoretical methods: VCC-RIOS
(Ref. 17) and QCT.16

The SLEND simulations were performed with three
atomic basis sets: STO-3G, 6-31G, and 6-31G**, to inves-
tigate their effect on the results. While in previous studies
SLEND/STO-3G rendered some acceptable results,22, 25 this

investigation indicates that the choice of a minimal basis set
should be made cautiously. SLEND/STO-3G predicts exces-
sive N2 collision-induced dissociation and overestimates the
rainbow scattering angle and the average vibrational energy
transfer. The last two shortcomings prevent SLEND/STO-
3G from providing acceptable H+ energy loss spectra and
vibrational state-to-state DCS. In contrast, SLEND/6-31G
and /6-31G** predict reasonable N2 dissociations and ren-
der rainbow angles and average vibrational energy transfers
in good agreement with their experimental counterparts. Fur-
thermore, SLEND/6-31G** predicts H+energy loss spectra
and elastic DCS in good agreement with the experimen-
tal results. The correctness of the SLEND/6-31G** vibra-
tionally resolved properties is due to the appropriateness of
the canonical CS procedure with the moderately anharmonic
N2 at v f = 0 − 1 and to the accuracy of the SLEND/6-
31G** vibrational energy transfer, which is the critical input
of the canonical CS Poisson distribution, Eq. (8). In addi-
tion, the SLEND/6-31G and /6-31G** results compare well
with the VCC-RIOS and QCT results obtained at a higher
computational cost (elaborate MRDCI PESs in both meth-
ods, costly quantum nuclear treatment in VCC-RIOS). No-
tably, SLEND/6-31G** and QCT average vibrational energy
transfers agree better with the experimental results than their
VCC-RIOS counterpart. Finally, SLEND/6-31G** provides
elastic DCS whose rainbow angle maximum agrees much
better with the experimental result than those from the
VCC-RIOS and QCT DCS. More sophisticated versions of
END, such as the END/KSDFT (Ref. 41) and the multi-
configuration END (Ref. 37) methods, can simulate more ac-
curately some aspects of the present system (e.g., the N2 vi-
brations with both methods, the N2 dissociations with the sec-
ond) and therefore provide more precise results. Those END
versions will be applied to the present system in the future.
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