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a b s t r a c t

A time-dependent density-functional theory (DFT) dynamics method in the electron nuclear dynamics
(END) framework is presented. This time-dependent variational method treats simultaneously the nuclei
and electrons of a system without utilizing predetermined potential energy surfaces. Like the simplest-
level END, this method adopts a classical-mechanics description for the nuclei and a Thouless single-
determinantal representation for the electrons. However, the electronic description is now expressed
in a Kohn–Sham DFT form that provides electron correlation effects absent in the simplest-level END.
Current implementation of this method employs the adiabatic approximation in the exchange–correla-
tion action and potential. Simulations of molecular vibrations and proton–molecule reactions attest to
the accuracy of the present method.

Ó 2010 Elsevier B.V. All rights reserved.

1. Introduction

The electron nuclear dynamics (END) [1–3] theory of Deumens
and Öhrn is a time-dependent, variational, nonadiabatic method
that treats simultaneously the nuclei and electrons of a molecular
system. As a direct-dynamics method [4–8], END calculates the
forces acting among the reaction participants ‘on the fly’, i.e., as
the reaction simulation proceeds. That calculation scheme eludes
the arduous predetermination of complete potential energy sur-
faces, as is the case for more traditional approaches. In that frame-
work, END prescribes a total trial wavefunction jWENDi for both the
nuclei and the electrons. The END dynamical equations are ob-
tained by applying the time-dependent variational principle
(TDVP) [9] to jWENDi in terms of the quantum action and Lagrang-
ian AEND and LEND, respectively,

AEND W�
END;WEND

� �
¼
Z t2

t1

dtLEND W�
END;WEND

� �

LEND W�
END;WEND

� �
¼ WENDh ji @

@t
ÿ bHTotal WENDj i WENDh jWENDiÿ1

ð1Þ

where bHTotal is the total Hamiltonian. The END dynamical equations
are obtained by imposing the stationary condition to AEND,
dAEND W�

END;WEND

� �
¼ d

R t2
t1
dtLEND W�

END

�
;WEND� ¼ 0, with boundary con-

ditions djWEND (t1)i = djWEND (t2)i = 0. That stationary condition
leads to a set of Euler–Lagrange equations for the variational
parameters of j WENDi that determine its time evolution. Within

the above characterization, END adopts various levels of realiza-
tions according to the nuclear and the electronic descriptions
imparted on jWENDi. The simplest-level END (SLEND) [1–3] adopts
a trial total wavefunction jWSLENDi = jWNijWei, where the nuclear
wavefunction jWNi is a product of frozen, narrow-width Gaussian
wave packets, and the electronic wavefunction jWei is a Thouless
single-determinantal state [10]. In practice, jWNi is used in the limit
of zero wave-packet widths that provides a classical-mechanics
description for the nuclei. Due to suitable parameterizations in jWNi
and jWei, the SLEND dynamical equations exhibit a generalized
symplectic form [9] that closely resembles the classical Hamilton
equations [11]. SLEND is the most utilized version of END and has
proven accurate for the simulation of proton–molecule (H+ + M,
M = H2 [12,13], CH4 [14], H2O[15], C2H2 [16,17], HF[18], CF4 [19],
etc.), hydrogen–molecule (H + D2 [20], H + HOD [21], etc.), and mol-
ecule–molecule (D2 þNHþ

3 [22], etc.) reactions, inter alia.
Despite the SLEND suitability to describe the aforesaid systems,

the study of more complex reactions will require higher-level END
realizations featuring more elaborated descriptions for the nuclei
and electrons [3]. For instance, for nuclei, the simulation of classi-
cally-forbidden phenomena (e.g. tunneling) will require quantum
treatments. END can generate a quantum nuclear description of
its own type [3] by employing nuclear wavefunctions involving nu-
clear molecular orbitals (cf. Ref. [23,24]). However, that extension
will not be considered here, and the SLEND nuclear classical
mechanics—appropriate to simulate the aforesaid type of sys-
tems—will be retained. (Nonetheless, see Refs. [12,13,25] about
the reconstruction of quantum probabilities for rotational and
vibrational excitations from the SLEND nuclear classical dynam-
ics using coherent states [26]; conversely, see Ref. [27] about
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obtaining classical-electrostatics models for the electrons from
quantum valence-bond states). For electrons, a more needed
improvement in SLEND is the inclusion of electron correlation.
One way to achieve that is to go beyond a single-determinantal
representation and incorporate post-Hartree–Fock methods [28]
into the END framework (e.g. multi-configurational [29] or cou-
pled-cluster [30] methods), but the resulting dynamical equations
will be computationally expensive. Alternatively, a more feasible
approach is to retain the SLEND single-determinantal representa-
tion and include electron correlation via the time-dependent (TD)
Kohn–Sham (KS) density-functional theory (DFT: TDKSDFT) [31–
34]. That approach leads to the new END/KSDFT method intro-
duced here.

The END/KSDFT formulation takes advantage of two similarities
between SLEND and TDKSDFT: both theories employ electronic
single-determinantal states and admit equivalent TDVP formula-
tions [1–3,31–34]. While those aspects have been discussed for
SLEND, a concise review of the analogous aspects of TDKSDFT is
necessary to elucidate the END/KSDFT formulation.

TDKSDFT has its foundation in the Runge–Gross theorem [31].
That theorem affirms that there is a one-to-one correspondence
between the time-dependent external potential vext(r, t) and the
electron density q(r, t) of a time-evolving system. That one-to-
one mapping implies that the time-dependent electron density
q(r, t) completely determines the time-dependent wavefunction
jW[q](t)i and properties of a system. In that framework, the search
of the exact electron density q(r, t) admits a TDVP formulation
through the quantum action A[q] [31–34]

A½q� ¼
Z t2

t1

dt W½q�ðtÞ i @
@t

ÿ bHðtÞ
����

����W½q�ðtÞ
� �

ð2Þ

Unlike AEND, Eq. (1), A[q] usually involves a normalized trial wave-
function jW[q](t)i [31–34]; however, both types of actions are
equivalent under TDVP treatments [9]. The exact electron density
q(r, t) corresponds to the TDVP stationary condition dA[q]/
dq(r,t) = 0, with boundary conditions djW[q](t1)i = djW[q](t2)i = 0
[31–33]. A practical way to obtain q(r, t) from that stationary condi-
tion implies casting A[q] into the KS form [31–33,35]. That ap-
proach invokes an auxiliary system of Ne non-interacting
electrons described by the KS single-determinantal wavefunction
U r1ð ; . . . ; rNe ,tÞ ¼ det wi½ ri; tð Þ�=

ffiffiffiffiffiffiffi
Ne!

p
involving orthonormal KS spin–

orbitals {wi(ri,t)}. The auxiliary system is subject to an effective
external potential vs[q](r, t) (unique by the Runge–Gross theorem)
so that its electron density q r; tð Þ ¼

PNe

i¼1 wiðri; tÞj j2 is assumed to
be identical to the electron density of the actual system of Ne inter-
acting electrons. Then, the actual system action A[q] can be ex-
pressed as [31–33]

A½q� ¼
Z t2

t1

dt U½q�ðtÞ i @
@t

ÿ bT e

����

����U½q�ðtÞ
� �

ÿ
Z t2

t1

dt

�
Z

drqðr; tÞvextðr; tÞ ÿ
1
2

Z t2

t1

dt

Z Z
drdr0

� qðr; tÞqðr0; tÞ
jrÿ r0j ÿ Axc½q� ð3Þ

where jU[q](t)i is the KS single-determinantal wavefunction, bT e the
electronic kinetic energy operator, and Axc[q] the exchange–correla-
tion part of A[q]. Application of the TDVP to A[q] of Eq. (3) and to its
analogue for the auxiliary non-interacting system renders an
expression for vs [q](r, t)

v s q½ � r; tð Þ ¼ vext r; tð Þ þ
Z

dr0qðr0; tÞ
rÿ r0j j þ vxc q½ � r; tð Þ;

vxc q½ � r; tð Þ ¼ dAxc q½ �
dq r; tð Þ ð4Þ

where vext(r, t) is the external potential on the actual system,R
dr0qðr0; tÞ= rÿ r0j j the electronic repulsion potential, and vxc[q](r, t)

the exchange–correlation potential [31–33]. The time evolution of
q(r, t) is determined by the time evolution of the KS spin–orbitals,
each of them obeying a time-dependent Schrödinger equation hav-
ing the potential vs[q](r, t) [31–33]. Clearly, the TDVP-formulated
TDKSDFT, complemented with a classical treatment for the moving
nuclei, can be incorporated into the SLEND framework to generate
the END/KSDFT method. In fact, Theilhaber [36] developed a di-
rect-dynamics method from the above TDKSDFT action that in-
cluded a classical treatment for the moving nuclei. Although not
in the END framework, Theilhaber’s method certainly inspired the
present END/KSDFT.

Further progress in any TDKSDFT effort depends upon obtaining
an expression for Axc[q] (or vxc[q](r, t)): a term unknown in its exact
form, but for which various approximations have been proposed
[32–34]. The simplest and most widespread approximation to
Axc[q] is the adiabatic approximation [32–34]:

Axc½q� � Aadia:
xc ½q� ¼

Z t2

t1

dtE
gs
xc½q�; v

adia:
xc ½q�ðr; tÞ ¼ dAadia:

xc ½q�
dqðr; tÞ

¼ v
gs
xc½~q�ðrÞ

��
~qðrÞ¼qðr;tÞ ð5Þ

where Egs
xc½q� and v

gs
xc½~q� rð Þ are ground-state, time-independent

KSDFT, exchange–correlation energy functionals and potentials,
respectively. The adiabatic approximation is extensively used in lin-
ear-response TDKSDFT calculations of excitation energies [32–34]
and also in Theilhaber’s direct-dynamics method [36], in both cases
producing satisfactory results. The adiabatic approximation should
work well with slow-evolving electron densities that remain near
the ground state; however, previous TDKSDFT experience [33,34]
suggests that this approximation can work acceptably even with
processes beyond the slow and near-ground-state regime, as is
the case for some chemical reactions. For all those reasons (and
for another one discussed shortly), the adiabatic approximation is
adopted in the present END/KSDFT implementation. More accurate
approximations to Axc [q] [32–34] will be tried in the future.

An additional motivation to adopt the adiabatic approximation
is its ad hoc solution to two interrelated problems found in the
TDVP-formulated TDKSDFT [33,34]. The first of those problems,
the ‘causality paradox’, is that action-derived exchange–correlation
kernels fxc[q](r, t, r0, t0) = dvxc[q](r, t)/dq(r0, t0) = d2Axc[q]/dq(r, t)
dq(r0,t0) do not satisfy the necessary causality condition fxc[q](r, t,
r0, t0) = 0 for t0 > t in most cases. The second problem is that in the
context of the Runge–Gross theorem, the initial boundary condi-
tion djW[q](t1)i = 0 completely determines the final variation
djW[q](t2)i; therefore, it is no longer possible to set the final TDVP
boundary condition djW[q](t2)i = 0 independently [34,37,38]. The
two problems have motivated several sophisticated solutions to
correct the TDVP-formulated TDKSDFT [37–40]. However, it is un-
clear if those sophisticated solutions can be implemented into a
computationally feasible method like END/KSDFT. More recently,
Vignale [41] demonstrated that the two problems can be solved
if the TDVP stationary condition dA[q] = 0 with the two boundary
conditions is substituted for the condition dA[q] = ihW[q](t2)
jdW[q](t2)i—where the latter term is the non-zero final-endpoint
variation—with one boundary condition at the initial endpoint
djW[q](t1)i = 0. This modified variational principle leads to the
exchange–correlation potential vxc[q](r, t) of Eq. (4), but with addi-
tional terms from the non-zero final-endpoint variation that re-
stores causality to fxc[q] (r, t, r0, t0). Vignale’s solution involving
the traditional quantum action in real time is amenable to formu-
late a problem-free END/KSDFT, which is under consideration in
our group. Until that rigorous END/KSDFT becomes available, we
can safely restore causality within the standard TDVP by adopting
the adiabatic approximation (cf. Ref. [33,34]) since f adia:xc ½q�ðr; t; r0;

S. Ajith Perera et al. / Chemical Physics Letters 496 (2010) 188–195 189



Author's personal copy

t0Þ ¼ dvadia:
xc ½q�ðr; tÞ=dqðr0; t0Þ ¼ dðt ÿ t0Þdvgs

xc½~q�ðrÞ=d~qðr0Þ
��
~qðrÞ¼qðr;tÞ: an

expression local in time and therefore causal. With causality so re-
paired, Vignale’s causality-restoring final-endpoint variation be-
comes somewhat superfluous and can be neglected; thus, the
standard TDVP stationary condition dA[q] = 0 with two boundary
conditions is recovered. Notice that the standard TDVP with the
adiabatic approximation was also employed in Theilhaber’s di-
rect-dynamical method [36], where it produced physically sound
results.

Having reviewed END and TDKSDFT, the END/KSDFT method is
now presented. A forerunner of END/KSDFT was introduced by us
in Ref. [42]. That earlier model is theoretically equivalent to END/
KSDFT, but it was implemented in an incipient form. However,
the current END/KSDFT has been efficiently implemented in our
new code CSDYN 1.0 (see Section 3) that can feasibly simulate lar-
ger systems.

2. Theory

Similar to SLEND, the END/KSDFT total wavefunction jWTotali is
the product of a nuclear jWNi and electronic jWei wavefunction:
jWTotali = jWNijWei. For NN nuclei, jWNi is the product of 3NN frozen,
narrow-width, Gaussian wave packets:

WNj i ¼ R;Pj i ¼
Y3NN

i¼1

exp ÿ Xi ÿ Ri

2DRi

� �2

þ iPi Xi ÿ Rið Þ
" #

ð6Þ

with average positions Ri, average conjugatemomenta Pi, andwidths
DRi; Ri and Pi are the variational parameters of jWNi = jR,Pi. jWNi is
treated under the TDVP in the limit of zero widths DRi so that a
nuclear classical dynamics in terms of the positions and momenta
{Ri(t),Pi(t)}[1–3,11] is obtained [cf. Eq. (12)]. The electronic wave-
function jWei is a single-determinantal state jz,Ri in the Thouless
representation [10]. For jz,Ri, one considers Ne occupied {wh} and
K ÿ Ne virtual {wp} orthonormal molecular spin–orbitals (MSO)
constructed with atomic basis set functions on the centers {Ri} of
the nuclear wave packets. Taking 0j i ¼ b

y
Ne

. . . b
y
h. . .b

y
1 vacj i as a refer-

ence, the Thouless single-determinantal state jWei = jz,Ri is [10]:

Wej i ¼ z;Rj i ¼ detðvhÞ ¼ exp
XK

p¼Neþ1

XNe

h¼1

zphb
y
pbh

 !
0j i;

vh ¼ wh þ
XK

p¼Neþ1

zphwp ð7Þ

where {vh} are the dynamical spin–orbitals (DSO) [1,10] in terms of
the complex-valued Thouless parameters {zph}. Those parameters
and the nuclear positions {Ri} are the variational parameters of
jWei = jz,Ri. In Thouless’ original formulation and in SLEND, Har-
tree–Fock MSO were used for jz,Ri, but in END/KSDFT, they are
substituted for KS MSO obtained from the time-independent KS
equations [35,43]. The KS MSO and DSO are spin-unrestricted, thus
jz,Ri can describe bond-breaking/forming processes. While the KS
MSO are fully orthogonal, the DSO are non-orthogonal within spin
blocks.

The advantages of employing a non-standard Thouless single-
determinantal state in TDVP treatments are discussed in detail in
Ref. [1–3,9] and summarized herein. Having a reference j0i, the
Thouless representation expresses all the single-determinantal
states jz,Ri non-orthogonal to j0i in terms of the non-redundant
parameters {zph}. Non-redundancy means that those parameters
provide a one-to-one mapping between them and the non-equiva-
lent states jz,Ri. Therefore, the Thouless representation allows
an unambiguous variational sampling of all the non-equivalent
single-determinantal states non-orthogonal to j0i. Such a represen-
tation also avoids the numerical instabilities associatedwith redun-

dant parameterizations, like those in terms of the MSO atomic
coefficients [1].

In SLEND, the Thouless single-determinantal state jz,Ri is an
approximate electronic wavefunction of the actual system that
provides an approximate electron density q(r, t). In contrast, in
END/KSDFT, jz,Ri acts as an auxiliary KS wavefunction that can pro-
vide the exact electron densityq(r, t) ifAxc[q] (or vxc[q](r, t)) is known
exactly. The electron density q(r, t) of the non-standard jz,Ri is

qðr; z; z�;RÞ ¼
Z

dsc1ðr0; s0; r; s; z; z�;RÞjr0¼r;s0¼s ð8Þ

with the one-electron reduced density matrix c1(x
0
,x) [43,44] of

jz,Ri [1]

c1 r0; s0; r; s; z; z�;Rð Þ ¼
XK

i;j

wiðr0; s0;RÞcð1Þij z; z�ð Þw�
j ðr; s;RÞ

cð1Þij z; z�ð Þ ¼
zh ;R b

y
jbi

���
���z;Ri

z;Rjz;Rh i ¼
I

z

� �
Iþ zyz
� �ÿ1

I zy
� �

ð9Þ

where s and s0 are spin variables, and I ¼ dij
ÿ �

2 R
Ne�Ne and

z ¼ zph
ÿ �

2 C
ðKÿNeÞ�Ne are the identity and Thouless parameter matri-

ces, respectively.
The END/KSDFT quantum action A½R;P;q� ¼ A½R;P; z; z�� ¼R t2

t1
dtL RðtÞ;P tð Þ; z tð Þ; z� tð Þ½ � involves the quantum Lagrangian

L[R,P,z,z*] [cf. Eq. (1)] with jWN i evaluated in the limit of the zero
widths DRi, Eq. (6), and with the electronic energy, Ee, in the KSDFT
form

L½R;P; z; z�� ¼
X3NN

j¼1

Pj þ
i

2
@ ln S

@Rj

ÿ @ ln S

@R0
j

 !" #
_Rj

þ i

2

XKÿNe ;Ne

p;h

@ ln S

@zph
_zph ÿ

@ ln S

@z�ph
_z�ph

 !

ÿ
XNN

i¼1

P2
i

2Mi

ÿ
XNN

i¼1;j>i

ZiZj

Ri ÿ Rj

�� ��ÿ Ee½R; z; z�� ð10Þ

where the first and second terms in the last line are the classical nu-
clear kinetic and nuclear repulsive energies, respectively, and
S = hz0,R0jz,Ri. The electronic energy Ee is

Ee½R; z; z�� ¼
hz;RjbT ejz;Ri
hz;Rjz;Ri þ

Z
drqðr; z; z�;RÞvextðr;RÞ

þ 1
2

Z Z
drdr0

qðr; z; z�;RÞqðr0; z; z�;RÞ
jrÿ r0j

þ Egs
xc½qðr; z; z�;RÞ� ð11Þ

whose terms are the KS kinetic, external-potential, classical self-
repulsion, and exchange–correlation energies, respectively [cf. Eq.
(3)]. The external potential vextðr;RÞ ¼ ÿPNN

i¼1Zijrÿ Rijÿ1 is caused
by the moving nuclei. The adiabatic approximation is employed in
Eq. (11) via Egs

xc½q� [cf. Eq. (5)]. The above END/KSDFT Ee is that of
SLEND, but with the SLEND Hartree–Fock exchange term now
substituted for a KSDFT exchange–correlation term.

Application of the standard TDVP to A[R,P,z,z*] produces the
END/KSDFT dynamical equations as a set of Euler–Lagrange equa-
tions for the variational parameters: fRiðtÞ; PiðtÞ; zphðtÞ; z�phðtÞg
[1–3,9]:

iC 0 iCR 0

0 ÿiC� ÿiC�
R 0

iCy
R ÿiCT

R CRR ÿI

0 0 I 0

2

666666666664

3

777777777775

dz

dt

dz�

dt

dR

dt

dP

dt

2

666666666664

3

777777777775

¼

@ETotal

@z�

@ETotal

@z

@ETotal

@R

@ETotal

@P

2

666666666664

3

777777777775

ð12Þ
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with total energy ETotal ¼
PNN

i¼1P
2
i =2Mi þ

PNN

i¼1;j>iZiZj= Ri ÿ Rj

�� ��ÿ1 þ Ee,
and dynamic metric matrices:

ðCXY Þij;kl ¼ ÿ2Im
@2 ln S

@X ik@Y jl

�����
R0¼R

; CXik

ÿ �
ph

¼ @2 ln S

@z�ph@Xik

�����
R0¼R

;

Cph;qg ¼
@2 ln S

@z�ph@zqg

�����
R0¼R

ð13Þ

The END/KSDFT dynamical equations are analogous to the SLEND
ones, but with some of their terms in the KS form (KS MSO, ex-
change–correlation energy, etc.). Eqs. (12) and (13) are a quantum
generalization of the classical Hamilton equations in symplectic
notation [9,11] and express the coupled nuclear and electronic
dynamics in terms of the pairs of conjugate variables {Ri(t),Pi(t)}
and zphðtÞ; z�phðtÞ

n o
, respectively. Like SLEND, the END/KSDFT equa-

tions contain the nonadiabatic coupling terms CR and CRR, which
are neglected in other Hartree–Fock- and TDDFT-based dynamics
methods [1].

3. Numerical results and discussion

The END/KSDFT method is implemented into our program
CSDYN1.0. That code was developed from the program ENDyne

2.8 (E. Deumens et al., ENDyne 2.8, Quantum Theory Project, Uni-
versity of Florida, Gainesville, FL, 1997), but it differs substantially
from the originating code. Distinct features of CSDYN1.0 include:
subroutines implementing END/KSDFT and its code parallelization,
auxiliary codes to calculate various reactions properties (e.g. cross
sections), and visualization tools to prepare animations of simu-
lated reactions (cf. Fig. 3). CSDYN 1.0 features most of the standard,
ground-state time-independent DFT functionals to be used in the
adiabatic approximation.

The first series of numerical tests with END/KSDFT involve the
simulations of normal mode vibrations of H2, HF, H2O, and NH3 to
determine dynamically their corresponding periods/wavenum-
bers. Those simulations were performed at the END/KSDFT/
B3LYP/6-31G** level. In each simulation, the geometry distortion
prompting the vibration was small enough to obtain harmonic
oscillations (cf. Fig. 1); therefore, the END/KSDFT/B3LYP/6-31G**

periods/wavenumbers can be checked for accuracy with those
determined statically by standard normal mode analysis (NMA).
In Table 1, END/KSDFT/B3LYP/6-31G** normal modes periods and
wavenumbers are compared with their NMA/KSDFT/B3LYP/6-
31G** counterparts and with NMA/HF/6-31G** and experimental
wavenumbers. NMA/KSDFT/B3LYP/6-31G** results were calculated
with the program GAMESS [45], while the NMA/HF/6-31G** and
experimental data were taken from online databases of the
National Institute of Standards and Technology; NMA/HF/6-31G**

wavenumbers are equivalent to SLEND/6-31G** ones. All the
END/KSDFT/B3LYP/6-31G** periods/wavenumbers agree very well
with their NMA/KSDFT/B3LYP/6-31G** counterparts, which proves
the correct END/KSDFT performance to simulate molecular vibra-
tions. Notably, the END/KSDFT/B3LYP/6-31G** wavenumbers agree
much better with the experimental ones than the NMA/HF/6-
31G**(=SLEND/6-31G**) wavenumbers; this is expected since
KSDFT predicts better vibrational wavenumbers than HF [46].
Fig. 1 illustrates some results from the simulation of the H2O
vibration in the B2 asymmetric stretch mode. There, the H2O total
energy (ETotal), potential energy

PNN

i¼1;j>iZiZj= Ri ÿ Rj

�� ��ÿ1 þ Ee

� �
, O–H

bond lengths, and total number of electrons are plotted vs. time.
The sinusoidal patterns of the potential energy and bond lengths
reveal harmonic oscillations, while the invariance of the total en-
ergy and total number of electrons demonstrate the END/KSDFT
compliance with corresponding conservation laws.
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Fig. 1. Total and potential energies (left axis), O–H bond length (right axis), and total number of electrons (right axis) vs. time from the END/KSDFT/B3LYP/6-31G** simulation
of H2O in the B2 asymmetric stretch mode.
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The second series of numerical tests involves the simulations of
the H+ + H2 and H+ + HF reactions at collision energy ELab = 30 eV,
which were previously studied with SLEND [12,13,18]. Here, these
reactions are simulated at the END/KSDFT/B3LYP/6-31G** and
SLEND/6-31G** levels for the sake of comparison. For these simula-
tions, the initial nuclear positions of the reactants are shown in
Fig. 2. Nuclei originally in H2 (HF) are labeled H(1) and H(2)(F),
respectively, and the incoming projectile H+. Initially, the projectile
is at position RHþ ¼ ðbP 0:0;0:0;ÿ15:0 a:u:Þ, where b is the impact
parameter, and with momentum PHþ ¼ ð0:0;0:0; Pz > 0Þ corre-
sponding to ELab = 30 eV. The molecules’ orientations [a ,b] are
determined by the angles: 0° 6 a 6 180° and 0° 6 b 6 360° from
the H(1) end. For H2, two orientations are considered: [0°,0°] and
[90°,0°], and for HF, one: [90°,0°]. Initially, the molecules are at
rest, with the centers of mass at Rc:m:

H2=HF
¼ ð0:0; 0:0;0:0Þ and in the

unrestricted KSDFT/B3LYP/6-31G** or HF/6-31G** ground state. All
simulations are run for a total time of 1000 a.u. (24.2 fs).

The present simulations predict three processes: collision-in-
duced molecule dissociation (D):

Hþ
� þH2 ! Hq

� þHr þHs
;

Hþ
� þHF ! Hq

� þHr þ Fs; qþ r þ s ¼ þ1 ð14Þ

where the bullet � marks the H nucleus originally in the H+ projec-
tile; hydrogen rearrangement (R):

Hþ
� þH2 ! Hq þH�H

r
;Hþ

� þHF ! Hq þH�F
r
; qþ r ¼ þ1: ð15Þ

and inelastic scattering (IS):

Hþ
� þH2 ! Hq

� þHr
2;H

þ
� þHF ! Hq

� þHFr ; qþ r ¼ þ1: ð16Þ

Table 2 lists the processes’ occurrences per initial molecule orienta-
tions and per projectile impact parameters. That table reveals that
END/KSDFT/B3LYP/6-31G** and SLEND/6-31G** predict the same
three processes in both systems over similar ranges of impact
parameters. Figs. 3–5 provide interesting details of these simula-
tions. Fig. 3 shows four snapshots of the END/KSDFT/B3LYP/6-
31G** simulation of H+ + HF from [90°, 0°]/b = 1.9 a.u. that leads to
an R process. There, the small balls represent the nuclei (green
ball = F, gray balls = H) and the colored clouds, electron density iso-
surfaces increasing in value through the sequence: purple, blue, yel-
low, and red. Those snapshots depict four stages of the R process:
Hþ þH 1ð ÞF ! Hþ

1ð Þ þHF. Figs. 4 and 5 compare the nuclear relative
distances vs. time of END/KSDFT/B3LYP/6-31G** and SLEND/6-
31G** simulations of H+ + H2 from [90°, 0°]/b = 0.9 a.u. (R, Fig. 4)
and of H+ + HF from [90°, 0°]/b = 1.9 a.u. (R, Fig. 5). Figs. 4 and 5 re-
veal some differences between the END/KSDFT/B3LYP/6-31G** and
SLEND/6-31G** dynamics (e.g.. trajectory and rearrangement details,
post-collision vibrational motions, etc.) that are likely caused by the
different levels of electron correlation in the compared methods.

Table 2

Reactive processes in H+ + H2 and H+ + HF at ELab = 30 eV, per initial molecule
orientations [a,b] and per projectile impact parameter b, from END/KSDFT/B3LYP/ 6-
31G** and SLEND/6-31G** simulations. D = collision-induced dissociation (Eq. (14)),
R = hydrogen rearrangement (Eq. (15)), IS = inelastic scattering (Eq. (16)).

b (a.u.) H+ + H2 H+ + HF

[90°,0°] Orientation [0°,0°] Orientation [90°,0°] Orientation

END/KSDFT END END/KSDFT END END/KSDFT END

0.0 D D R R IS IS
0.1 D D D R IS IS
0.2 D D R R IS IS
0.3–0.4 D D D D IS IS
0.5 D D D IS IS IS
0.6 R D IS IS D IS
0.7–0.9 R R IS IS D D
1.0 D R IS IS R D
1.1 D R IS IS D R
1.2–1.3 D D IS IS D R
1.4 IS IS IS IS D D
1.5 IS IS IS IS R D
1.6–2.0 IS IS IS IS R R
2.1 IS IS IS IS D R
2.2–2.4 IS IS IS IS D D
2.5 IS IS IS IS IS D
P2.6 IS IS IS IS IS IS

Fig. 2. H+ + H2 and H+ + HF reactants initial conditions. The balls represent the
classical nuclei with projectile impact parameter b and molecule orientation [a,b].

Table 1

Normal mode periods (T) and wavenumbers ð�v ¼ 1=TcÞ of representative molecules from END/KSDFT/B3LYP/6-31G** (dynamic) and normal mode analysis (NMA)/KSDFT/6-31G**

[45] (static) calculations; wavenumbers from NMA/Hartree–Fock(HF)/6-31G** calculations and experiments (from the National Institute of Standard and Technology) are also
listed.

Normal mode T END/KSDFT ± 1a.u.
(fs)

T NMA/KSDFT a.u.
(fs)

�v END=KSDFT
(cmÿ1)

�v NMA=KSDFT
(cmÿ1)

�v NMA=HF
(cmÿ1)

�v Expt:
(cmÿ1)

H2–A1 stretch 310 (7.5) 309 (7.5) 4448 4462 4635 4401.2
HF–A1 stretch 339 (8.2) 338 (8.2) 4068 4084 4493 4138.4
H2O–A1 symmetric bend 832 (20.1) 832 (20.1) 1657 1665 1770 1595.0
H2O–A1 symmetric stretch 365 (8.8) 363 (8.8) 3778 3797 4148 3657.0
H2O–B2 asymmetric stretch 355 (8.6) 353 (8.5) 3885 3910 4265 3756.0
NH3–A1 symmetric bend 1272 (30.8) 1266 (30.6) 1084 1090 1142 950.0
NH3–E asymmetric bend 815 (19.7) 814 (19.7) 1692 1693 1811 1627.0
NH3–E symmetric bend 815 (19.7) 814 (19.7) 1692 1693 1811 1627.0
NH3–A1 symmetric stretch 399 (9.7) 399 (9.7) 3456 3458 3705 3337.0
NH3–E symmetric stretch 386 (9.3) 385 (9.3) 3573 3586 3843 3444.0
NH3–E asymmetric stretch 386 (9.3) 385 (9.3) 3573 3586 3843 3444.0
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Fig. 3. Four snapshots of the END/KSDFT/B3LYP/6-31G** simulation of H+ + HF at ELab = 30 eV from molecule orientation [90°,0°] and impact parameter b = 1.9 a.u. Snapshot
times shown in femtoseconds (fs). The balls represent the nuclei (green ball = F, gray balls = H) and the colored clouds, electron density isosurfaces increasing in value through
the sequence: purple, blue, yellow, and red. The snapshots show a hydrogen rearrangement reaction [R, Eq. (15)]. Snapshots prepared with VMD [47] and Tachyon [48]
software. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this Letter.)
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Fig. 4. Nuclear relative distances vs. time of the END/KSDFT/B3LYP/6-31G** and END/6-31G** simulations of H+ + H2 at ELab = 30 eV from the molecule orientation [90°, 0°] and
impact parameter b = 0.9 a.u. Both methods predict rearrangement [R, Eq. (15)].

S. Ajith Perera et al. / Chemical Physics Letters 496 (2010) 188–195 193



Author's personal copy

4. Summary and future work

The END/KSDFT method that incorporates TDKSDFT [31–34]
capabilities into the SLEND [1–3] framework has been presented.
Like SLEND, END/KSDFT adopts a classical-mechanics description
for the nuclei and a Thouless single-determinantal representation
[10] for the electrons. However, the electronic description is now
reformulated in a KSDFT fashion that provides electron correlation
effects absent in SLEND. The END/KSDFT dynamical equations are
obtained by applying the TDVP [9] to the END/KSDFT quantum ac-
tion with the adiabatic approximation [32–34] employed in its ex-
change–correlation part. Simulations of H2, HF, H2O, and NH3

normal mode vibrations and of the H+ + H2 and H+ + HF reactions
at ELab = 30 eV illustrate the correctness of END/KSDFT to describe
those systems. Present efforts concentrate on applying END/KSDFT
to more complex reactions and on developing the additional theo-
retical aspects of END/KSDFT discussed in the introduction.
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