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T
here are two primary objec-
tives for modeling of genet-
ic regulatory networks 
(GRNs): 1) to better under-
stand the gene interactions 

and relationships on a holistic level and 
predict the behavior of biological sys-
tems; and 2) to design and analyze con-
trol strategies for moving the state of a 
network from an undesirable location to 
a desirable one. The control can be for 
the purpose of systems medicine to 
move the GRN from a diseased state to a 
nondiseased state or for synthetic biolo-
gy purposes to tune the parameters of a 
synthetic circuit to produce complex 
novel behaviors. The major steps 
involved in generating a predictive 
model and subsequent control policies 
are illustrated in Figure 1. Step A 
involves analyzing prior biological 
knowledge of pathways and conducting 
new experiments for better understand-
ing of the pathways. Step B consists of selection of a mathe-
matical model to represent the GRN. The next step involves 
estimating the parameters of the selected model. The last step 

involves generation of control policies to 
alter the dynamics of the GRN. Finally, 
further experiments are conducted to 
validate the predictions and perfor-
mance of the designed intervention 
strategies. Building an accurate mathe-
matical model of the GRN is extremely 
difficult due to limitations on the experi-
mental data, noise in data extraction, 
and enormous complexity of the actual 
biological system. To analyze the robust-
ness of the overall GRN modeling and 
control approach, we have to examine 
the effect on predictive and control per-
formance of uncertainties and errors in 
Steps A–E in Figure 1 independently and 
in a joint fashion. In this article, we will 
review approaches to study the robust-
ness of GRN modeling and control strat-
egies with emphasis on the steps of 
model selection, model inference, and 
network intervention. 

GRN MODELING
GRNs represent the interconnections between genomic enti-
ties that govern the regulation of gene expression. Since bio-
logical regulatory networks are extremely detailed with 
numerous interactions, a single mathematical model to repre-
sent the whole biological regulatory system is generally not 
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feasible. Depending on the purpose of modeling, the mathe-
matical model representing the GRN brings in a level of 
abstraction. The focus of the modeling can be capturing inter-
actions between RNA expressions, protein-protein interac-
tions, or interactions between metabolites. Usually, only parts 
of the regulome (genes, proteins, and metabolites involved in 
gene regulation) such as transcription factors, enhancers, and 
microRNA are made explicit in a mathematical model of a 
GRN. The modeling can be deterministic capturing the aver-
age behavior of a colony of cells or stochastic capturing the 
inherent noise in biological systems. Furthermore, the models 
can be fine scale or coarse-scale [1]. This section presents a 
brief review of the various techniques for modeling GRNs and 
approaches to study the robustness of the modeling proce-
dure. Relationships between detailed stochastic models and 
coarse-scale or deterministic models can be used to analyze 
the predictive power of approximate models. 

COMMONLY USED MODELS TO REPRESENT A GRN
Given a set of genes/proteins, the evolution of their expression 
levels constitutes a dynamical system over time. A large num-
ber of approaches have been proposed to model the behavior of 
GRNs [2]–[4]. Nonlinear ordinary differential equations and 
piecewise linear differential equations have been proposed as 
continuous fine-scale deterministic models for GRNs. 
Differential equation (DE) models assume that species concen-
tration vary continuously and deterministically, which is ques-
tionable in case of gene regulation. Thus, stochastic and 
discrete fine-scale models commonly known as stochastic 
master equation (SME) models have been proposed for model-

ing GRNs. To explain an SME model, we will consider a system 
with n molecular species and m different reaction channels 
where the state of the system is defined by x5 3f1, c, fn 4, 
x [ Nn is a vector of integers representing a specific popula-
tion of each of the n molecular species. For such a system, 
given the probability density vector p 1x, t 2  at time t, we can 
derive the DE [5] 

 p
# 1x; t2 52p 1x; t2a

m

m51
am 1x 2 1 a

m

m51
p 1x2 vm; t 2am 1x2 vm2 , (1)

where am 1x 2dt denotes the probability that the mth reaction 
will happen in a time step of length dt and vm is the stoichio-
metric transition vector. By considering all the reactions 
beginning or ending at state x, the time derivative of the prob-
ability density of state x can be written in the form [6]: 
P
# 1X; t 2 5 P 1X; t2A  where P 1X; t2 5 3 p 1x1, t2 , p 1x2, t2 , c4  is 

the complete probability density state vector at time t and A is 
the state reaction matrix. For the case of finite number of 
reachable states, the exact solution to the SME can be comput-
ed as P 1X; t 2 5 P 1X,02eAt [6]. An approximation to the dis-
crete stochastic model in the form of a stochastic DE known as 
a chemical Langevin equation is often used to make the solu-
tion analytically and numerically tractable [4]. The approxima-
tion can be represented by the following stochastic DE: 

 x 1t1 dt 25bfx 1t 21a
m

m51
vmam 1x 1t 22dt1a

m

m51
vm"am 1x 1t22Nm 1t2 , (2)

where Nm 1t2  for m5 1, c, m are independent Gaussian ran-
dom variables with zero mean and unit variance [7]. The con-
ditions for validity of the approximation require that an 
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infinitesimal time interval dt is available under which 1) there 
is no significant change in the propensity functions and 2) the 
expected number of occurrences of each reaction in dt is sig-
nificantly greater than one [4]. 

Probabilistic reasoning based on incomplete prior biologi-
cal knowledge and current observations has been applied to 
build models of GRNs commonly known as Bayesian networks 
or graphical models [8]. Subsequent modification in terms of 
dynamic Bayesian networks (DBNs) was suggested that allows 
feedback relations among genes to be modeled [9], [10]. 

A coarse-scale deterministic model for GRNs has been pro-
posed in the form of the Boolean network (BN) model [11]. 
Specifically, a BN is composed of a set V5 5x1, x2, c, xn6 
consisting of n binary variables, each denoting a gene exp-
ression, and a set F5 5f1, f2, c, fn6 of regulatory functions, 
such that for discrete time, t5 0, 1, 2, c,  xk 1t112 5
fk 1x1 1t 2 , c, xn 1t 22 . At any time point, the state of the net-
work is given by an expression vector 1x1 1t 2 , c, xn 1t 22 , called 
the gene activity profile (GAP). In the Boolean model, the 
assumption of a single transition rule for each gene can be 
problematic with respect to inference: the data are typically 
noisy, the number of samples is small relative to the number 
of parameters to be estimated, and there can be unobserved 
(latent) variables external to the model network and the 
intrinsic stochasticity of gene expression. Owing to these con-
siderations, the probabilistic BN (PBN) [12] was proposed as a 
coarse-scale stochastic model for GRNs. The probabilistic 
structure of the PBN can be modeled as a Markov chain. Thus, 
PBNs can be considered as part of coarse-scale Markov (CSM) 
chain models [13]. 

INFERENCE OF GRN MODELS
Numerous approaches have been proposed for inference of 
GRN models; in this section, we will discuss few of the recent 
techniques relevant to robust modeling of GRNs (please refer 
to [14] and [15] for detailed reviews on inference of GRN mod-
els). The term robust modeling refers to the ability of the 
inference and modeling approach to tackle noisy measure-
ments and partial information on biological states. The other 
form of robustness, related to GRN modeling that is frequently 
studied, is the robustness of biological processes with respect 
to generating a reproducible trait under changing conditions. 
For a current review on GRN robustness, readers are referred 
to [16], which discusses the current understanding of the role 
of GRN topology and architecture in the control of transcrip-
tional and phenotypic outputs. Redundancy in GRNs, such as 
redundant wiring of transcription factors (TFs) converging 
into a single gene, can be observed in biological processes that 
are robust to perturbations. On the other hand, stochastic 
gene expression can generate diversity and provide cells the 
ability to adapt under adverse conditions. Nodes with low con-
nectivity in GRNs display more stochastic behavior as com-
pared to highly connected nodes [16]. 

To deal with noise in data extraction, partial observations 
and stochastic nature of gene expressions, graphical models 

such as hidden Markov models (HMMs) or generalizations 
such as DBNs are popular choices to model a GRN. An 
approach to infer a HMM from time-series data to model bio-
logical processes is presented in [17]. Reference [17] uses gene 
ontology maps as prior biological knowledge for gene-process 
connections and Kalman filtering for the inference of the 
HMM parameters. An early method of learning a DBN from 
time series gene expression microarray data is presented in 
[18], where an operon map of E. coli is used as the prior bio-
logical knowledge and expectation maximization algorithm is 
used to update the conditional probability tables. However, 
initial application of DBNs such as [18] suffered from high 
computational cost and low prediction accuracy. Reference 
[19] tries to address the issue of computational cost by limit-
ing the potential regulator of a gene as the ones having earlier 
or simultaneous change in expression levels and improve the 
prediction accuracy by estimating separate transcriptional 
time lags for different regulator and target combinations. 

Estimation of DE models from partial observation of 
biological states is analyzed in [20]. Adaptive filtering is used 
in [20] to estimate the parameters of a nonlinear DE model 
representing the unknown delayed GRN. Another method for 
inference of nonlinear DE models of GRNs from noisy 
measurements is considered in [21], where genetic 
programming is used to infer the model structure and Kalman 
filtering is applied to estimate the parameters of the model. An 
alternative technique to increase the reliability of parameter 
estimates of DE models for GRNs will be model-based 
experimental design, where the inputs to the biological system 
is designed to reduce the error in parameter estimation. 
Reference [22] provides a method of dynamic stimuli design 
that, when applied to stimulus-response experiments can 
distinguish among parameterized models with different 
reaction mechanisms. A mass action kinetics model involving 
zeroth 1[ S x1 2 , first 1x1 S x2 2 - and second 1x11 x2 S x3 2 -
order reactions are considered that can be represented in 
matrix form in the following manner: 

 
dx
dt
5 A1x1 A2 1x # x 2 1 B1u1 B2 1x # u 2 1K

 y5 Cx, (3)

where # refers to the Kronecker product and K, 3A1, B14 , and 
3A2, B2 4 refers to zeroth-order, first-order, and second-order 
reaction matrices respectively. The stimulus design is based on 
a feedback controller applied to drive the system output 
1y 1u, t 22  to a desired response 1yr 1t 22 . The cost function con-
sidered is G 1u 2 5 eT

0
3 y 1u, t2 2 yr 1t 24 2dt. Two approaches are 

considered to solve the problem: a tangent linear controller 
based on linear approximations and dynamic optimization 
controller based on gradient optimization. The suitability of 
an inferred model is estimated based on the ability of the con-
troller designed using the model to drive the physical system 
to the desired output. The approach is tested on models of 
antibody ligand binding, mitogen-activated protein kinase 
(MAPK) phosphorylation and dephosphorylation, and larger 
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models of the epidermal growth factor receptor (EGFR) path-
way. For each of these systems, the correct model produces 
the controller that minimizes the cost function. 

To analyze the effect of uncertainties in molecular concen-
trations and parameter values on the construction of synthetic 
gene networks, [23] proposes a robustness analysis approach 
for gene networks represented by piecewise-multiaffine (PMA) 
DE models. The state space is partitioned based on the break-
points of the PMA model for robustness analysis. For a specific 
set of parameters P, the discrete abstraction of the PMA is cre-
ated and the validity of the dynamic behavior of the system 
represented by linear temporal logic (LTL) is evaluated by 
model checking [23]. Another approach on robust parameter 
estimation for mass action kinetics model using semidefinite 
programming is considered in [24]. 

In terms of robust design of BNs, [25] presents an 
approach based on error correcting codes to design BNs with 
robustness against perturbations and exhibiting cyclic behav-
ior similar to cell cycle gene regulatory networks. The pro-
posed approach allows cyclic attractors and exhibits 
checkpoint behavior that tracks and corrects errors due to cel-
lular noise. To avoid information loss through data discretiza-
tion and retrieve regulatory relations from gene expression 
data, a fuzzy approach is presented in [26]. The proposed mul-
tilayer evolutionary trained neuro-fuzzy recurrent network 
has the advantages of producing easily interpretable adaptive 
number of temporal fuzzy rules to represent intergene rela-
tionships, avoiding drawbacks of classical neural network 
training algorithms through the use of particle swarm optimi-
zation, and ability to assign scores reflecting the confidence 
on an inferred relationship. 

MODEL RELATIONSHIPS
The selection of a mathematical model to describe the 
dynamical behavior of a regulatory network is dependent on 
the available data, estimation techniques, model complexity, 
and specific purpose of constructing the model. SME models 
provide the most detailed description of the dynamics of 
gene expression and imbed, in principle, all the information 
about the biochemical reactions involved in gene interac-
tions [3], [2]. However, the estimation of the parameters of 
the fine scale stochastic model requires detailed experiments 
generating larger data sets and preferably time-series data 
and cell specific measurements, which is not the case with 
most biological studies that involves primarily cell average 
microarrays with limited samples [1]. For a detailed model, if 
the parameters are poorly estimated from limited data, cer-
tain biologically meaningful properties observed in the data 
could be lost. Furthermore, the use of fine-scale stochastic 
models is restricted by the inherent computational complexi-
ty involved in its simulation [2]. Thus approximate models 
such as DEs, stochastic DEs, BNs, or CSMs are often used. 
We would be interested in studying the properties of the 
detailed model that are still captured by the approximate 
models. We next provide a brief description of recent work 
that has been conducted in this area with emphasis on SMEs 
as the detailed model and ordinary DEs and CSMs as the 
approximate models. A pictorial representation of the map-
pings that will be discussed is shown in Figure 2. Other rela-
tionships such as between DE and BN models has been 
explored in [27]. In [27], the BN model is shown as a coarse-
grain limit of the DE model and is illustrated on the budding 
yeast cell cycle network. 
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[FIG2] Overview of the model relationships.
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SME AND ITS DE APPROXIMATION
The relationship between SME and deterministic DE models 
have been studied analytically recently from the perspective of 
similarity of the average predictive behavior of the two models 
[28]–[31]. Taylor series expansion of the expected behavior of 
the SME model has been used to generate the DE model and 
its properties studied. 

To explain the modeling of the average behavior of a SME 
model by a DE model, let us consider the SME model shown 
in (1). Let the number of protein molecules for xj be between 
0 and Mj. Then the marginal probability of xj5 i is given by 
the following formula: 

 p 1 i; t 25a
M1

l150

ca
M j21

lj2150
a
Mj11

lj1150

ca
Mn

ln50
p 1 l1, l2, c,

 lj5 i, c, ln; t 2 . (4)

Change in expectation of x j 1t 2  in the small time duration dt is 
given by 

Exj
1xj; t1 dt 22Exj

1xj; t2 5a
Mj

lj50
lj 1 p 1xj5 lj; t1 dt 2 2 p 1xj5 lj; t 22

5 a
m

m51
a

M12vm1

u152vm1

c a
Mn2vmn

un52vm n

uj p 1u1, c, un; t 2am 1u1, c, un2dt

 2 a
m

m51
 a

M1

l150

ca
Mn

ln50
 lj am 1 l1,c, ln 2p 1 l1, l2, c, ln; t 2dt

 1 a
m

m51
vmj

 a
M12vm1

r152vm1

c a
Mn2vmn

rn52vmn

p 1r1, c, rn; t 2am 1r1, c, rn 2dt. (5)

If we consider Mi to be high enough, then p 1xi $ Mi 2

maxm|vmi
|; t 2  and p 1xi # maxm|vmi

|; t 2  can be assumed to be 
infinitesimal. This will allow us to ignore the terms corre-
sponding to xi $ Mi2maxm|vmi

|  and xi # maxm|vmi
|.  If yj 

denotes Exj
1xj; t2 , (5) can be rewritten as 

 
dyj

dt
 <a

m

m51
 vmj a

M12vm1

r152vm1

c a
Mn2vmn

rn52vm n

p 1r1, c, rn; t 2am1r1, c, rn 2

 5a
m

m51
vm j EX 1am 1X 22 . (6)

Based on the first-order Taylor series approximation of 
am 1X 2  a r o u n d  Q5 EX 1X 2 5 3 y1, y2, c, yn 4,  w e  h a v e 
EX 1am 1X 22 < am 1Q2 . Thus, (6) can be approximated by 

 
dyj

dt
< a

m

m51
vmj

am 1 y1, c, yn 2  (7)

for j5 31, 2, c, n 4. Equation (7) provides the DE model for 
tracking the mean of the chemical species represented by the 
SME. DEs for further tracking of the variances and covariances 
of the concentration of chemical species have been proposed in 
[29]. Approximate approaches to calculate the first- and sec-
ond-order moments for SME models of systems are illustrated 
in [28]. The DE approximation allows simulating the average 
behavior of a system such as a colony of cells in a computa-
tionally inexpensive manner. 

SME AND ITS CSM APPROXIMATION
Based on the state transitions of a SME model, it can be consid-
ered as a continuous time Markov chain with a huge number of 
states. To explore mappings from fine-scale SME models to 
CSM models, let us consider M and N  to denote the number of 
states of the SME and CSM model respectively. We consider a 
sequence 05 a0, a1, c, aN5M  such that aj2 aj21  for 
j [ 51, 2,c,2n6  denote the number of states in the SME 
model that map to state j in the CSM model. Let PD 5 e ADt rep-
resent the M-dimensional discrete time SME model (Dt is a 
suitable time period) and Pr represent the reduced N-dimen-
sional CSM model. For the SME model, let h represent the M
-dimensional steady-state probability vector and z represent 
the N-dimensional collapsed steady-state vector. Here, collaps-
ing refers to aggregation of states i.e., z 1 i 2 5 g ai

i25ai2111 h 1 i2 2  
for i5 1,c, N. 

In [32], a mapping from SME to CSM model is presented 
where the steady-state probability distribution of the reduced 
model Pr represented by (8) is equivalent to the collapsed 
steady-state probability distribution of PD 

 Pr 1 i, j 2 5 g aj

j15aj2111g
ai

i15ai2111 PD 1 i1, j1 2h 1 i1 2
g ai

i25ai2111h 1 i2 2 . (8)

With (8) denoting the state transition probabilities of the 
CSM model, the steady-state probability distribution vector, p, 
of the CSM model is given by [32]: p 1 i 2 5 g ai

i25ai2111 h 1 i2 2
5z 1 i 2  for i5 1, c, N. Equation (8) provides a mapping from 
a  fine-scale SME model to a CSM model based on aggrega-
tion of states that maintains the collapsed steady-state dis-
tribution of the detailed model. If we revisit (8), we notice 
that Pr 1 i, j 2  can be calculated from the transitions of the 
network once it has reached the steady state. Thus, the 
mapping described by (8) exists between a network repre-
sented by a SME model and a CSM model when the transi-
tion probabilities of the CSM are inferred based on state 
transition data at steady state. 

To evaluate the transient behavior of the CSM model, let us 
consider the difference equation dj 1t1Dt 2 5 |gj 1t1Dt 2 2  
tj 1t1Dt 2 | where gj 1t 2  denote the collapsed probability of states 
aj211 1 to aj of the SME model at any time t and tj 1t 2  denote 
the probability of state j at any time t for the CSM model. We can 
bound the difference equation dj 1t1Dt 2  for gj 1t 2 5tj 1t 2  in the 
following way: 

 dj 1t1Dt 2 # max
i1[ 31,c, N4Qmax 

i2[Si1 
 
q 1 i2, j 22min 

i2[Si1

 q 1 i2, j2R, (9)

where q 1 i2, j 2 5 g aj

j15aj2111 PD 1 i2, j1 2 . 
INTERVENTION IN GRNS

Intervention or control applied to GRNs are studied primarily 
for 1) systems medicine purposes to move the network out of 
undesirable states, such as those associated with disease, and 
into desirable ones [33], [34] and 2) synthetic biology purposes 
for executing new and complex processes: an example will be 
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alteration of genetic networks of microbes or plants to pro-
duce higher efficiency fuels [35]. This section on intervention 
is organized as follows: The section “Intervention Approaches” 
introduces the currently available approaches for intervention 
in GRN for systems medicine and synthetic biology purposes; 
and the section “Robust Intervention in GRNs” discusses the 
approaches for robustness analysis and robust design of inter-
vention policies for GRNs. The techniques discussed in the 
section “Intervention Approaches” are predominantly based on 
the accurate knowledge of the GRN model whereas the section 
“Robust Intervention in GRNs” considers the various forms of 
uncertainties in GRN modeling while analyzing and designing 
intervention approaches. 

INTERVENTION APPROACHES
Most of the intervention studies related to systems medicine 
have focused on coarse-scale BN and Markov chain (PBN is 
one such example) models. The problems with designing and 
analyzing intervention strategies in fine-scale stochastic mod-
els are two-fold: 

1) enormous computational complexity involved in simula-
tion of the fine-scale models 
2) huge data requirements for inference of the parameters 
of the fine-scale models. 

Consequently, a reasonable approach is constructing interven-
tion strategies for coarse-scale models with the assumption of 
capturing the overall effects of intervention manifested at the 
phenotypic (observational) level. We next provide a brief descrip-
tion of the several intervention approaches that have been 
designed to date for PBNs (a class of CSM models) followed by 
approaches based on DE and other approximate models. 

The motivation behind application of control theory for 
Markovian models like PBN is to devise optimal policies for 
manipulating control variables that affect the transition 
probabilities of the network and can, therefore, be used to 
desirably affect its dynamic evolution. Since the intervention 
approaches depends on the Markov chain induced by the 
PBN, it is extendable to other dynamical systems based on 
graphical models, such as DBNs. The initial approach con-
sisted of favorably altering the mean first passage times 
(MFPTs), increasing MFPTs to undesirable states and 
decreasing MFPTs to desirable states, in the Markov chain 
associated with a PBN via a one-time perturbation of the 
expression of a control gene [36]. Shortly thereafter, stochas-
tic control theory was used to alter the transient dynamics 
over a finite time horizon, both in the presence of full and 
imperfect information [37], [38]. Subsequently, finite hori-
zon [39] and infinite horizon control [33] for context-sensi-
tive PBNs were addressed using dynamic programming. In 
practice, intervention will be achieved by [40] 1) targeted 
small molecule kinase inhibitors (Imatinib, Gefitinib, 
Erlotinib, Sunitinib, etc.) 2) monoclonal antibodies altering 
the protein concentrations (Cetuximab, Alemtuzumab, 
Trastuzumab, etc.) or 3) gene knockdowns. The state desir-
ability is determined by the values of genes/proteins  associated 

with the phenotypes of interest. To explain infinite-horizon 
intervention in PBNs, we next provide a brief mathematical 
description of the control problem. A PBN with control can 
be modeled as a finite-state Markov chain [39], [33] 
described by the control-dependent one-step transition 
probability pij 1u 2 J P 1zt115 j|zt5 i, ut5 u 2  where, for all t, 
the state zt is an element of a space S and the control input 
ut is an element of a space C. When the transition probabili-
ties are exactly known, the states make transitions accord-
ing to v J 1P u2u[C. In this case, once a control input is 
chosen, the resulting controlled transition probability 
matrix is uniquely determined. Let m5 1u1, u2, . . . . 2  repre-
sent a generic control policy and P represent the set of all 
possible m’s, i.e., the set of all possible control policies. Let 
Jm,v denote the expected total cost for the discounted cost 
infinite-horizon problem [33] under control policy m and 
transitions v

 Jm,v 1z02 5 lim
MS` 

Ezt11, t50, 1,c e a
M21

t50
at g| 1zt, ut, zt112f ,  (10)

where 0 , a , 1  denotes the discount factor and 
g| 1zt, ut, zt11 2  represents the cost of going from state zt to zt11 
under the control action ut. g|  is higher for undesirable desti-
nation states. For the same destination states, g|  is higher 
when the control is active versus when it is not. The control 
problem here corresponds to minimizing the cost in (10). 
Consequently, the optimal infinite-horizon discounted cost is 
given by 

 F 1P, v, z02 J min
m[q

 Jm, v 1z0 2 . (11)
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The interest in infinite-horizon control is driven by the 
fact that such policies allow us to optimally alter the steady-
state distribution of the network by driving its probability 
mass into desirable states. In [33], a stationary control policy 
is derived using dynamic programming principles [41] to 
shift the steady-state distribution for a PBN derived from 
gene expression data collected in a metastatic melanoma 
study, where the abundance of mRNA for the gene WNT5A 
was found to be highly discriminating between cells with 
properties typically associated with high versus low metastat-
ic competence, a relationship that suggests an intervention 
scheme to reduce the WNT5A gene’s action. The steady-state 
distributions shown in Figure 3 corroborate the fact that the 
intervention policy was able to shift the probability mass to 
states with lower metastatic competence (down-regulated 
WNT5A). 

In synthetic biology, tuning of the parameters of a system 
is essential to drive the system towards desirable behavior. A 
tuning scheme based on PMA models of biological systems and 
system dynamics represented by LTL is considered in [23] and 
[42]. The approach is tested on a synthetic gene network of a 
cascade of genes tetR, lacI, cI, and eyfp. The control input is 
the input concentration of aTc and the system output is the 
fluorescence of eyfp protein. The technique was able to gener-
ate concentrations of input aTc producing a desired output 
behavior. An implementation of Boolean logic in biological 
systems using ribonucleic acid interference (RNAi) is consid-
ered in [43]. Small interfering RNAs (siRNA) are given as 
inputs to the Boolean logic evaluators and the logic circuit 
consists of multiple mRNAs encoding the same protein but 
having different noncoding regions. 

Some additional approaches that have been proposed for 
control of GRNs include topological control based on remov-
ing negative feedback loops for GRNs represented by a directed 
graph of gene interconnections [44]; and control of the 

 stochastic hybrid model of the lactose regulation system of 
E. coli based on control designed on a two-state continuous 
Markov chain model approximation of the system [45]. 

ROBUST INTERVENTION IN GRNS

For investigating the robustness of intervention approaches 
for GRNs, two major forms of uncertainties have to be consid-
ered: 1) mismatch between the mathematical model of the 
network used to generate the control policy and the actual 
biological network and 2) uncertainties in estimating the 
parameters of the model of the GRN. We next provide some 
approaches for analyzing the effects of the two forms of uncer-
tainties on control outcome. The section “Mismatch Between 
the Actual GRN and the Mathematical Model” investigates the 
effect of control design on CSM or DE model when the actual 
GRN is represented by a SME model whereas the section 
“Uncertainties in Estimation of Model Parameters” investi-
gates the effect of uncertainties in model parameter estima-
tion on control outcome and approaches to increase the 
robustness of the control design. 

MISMATCH BETWEEN THE ACTUAL GRN 
AND THE MATHEMATICAL MODEL
The mismatch between the actual biological network and the 
model of the GRN can be studied by assuming that the actual 
GRN is faithfully represented by an SME model and the 
model for generation of the control policy is either a CSM 
model or a deterministic DE model. In this context, an inter-
vention approach designed from a coarse-scale (such as CSM 
model) or deterministic (such as DE model) model and pro-
ducing the desired behavior in the coarse-scale or determin-
istic model will be considered robust if the designed policy 
when applied to the fine scale model also produces similar 
coarse-scale or average behavior. If we refer to Figure 2, then 
we would be interested in investigating 1) the relationship 
between the coarse-scale behavior of the controlled CSM 
model (T1 applied to Pr) and the controlled SME model (T1 
applied to PD), and 2) the similarities in the average behavior 
of the controlled DE model (T2 applied to Yd) and the con-
trolled SME model (T2 applied to PD). 

The first relationship is explored in [32]. The control prob-
lem is similar to the infinite horizon control considered in 
(11) to modify the steady-state probabilities from undesirable 
to desirable states. A parameter P is formulated whose low 
value provides a sufficient condition for similarity of the 
steady-state probability distributions of the controlled CSM 
model pd and the collapsed steady-state probability distribu-
tion of the controlled SME model pc. A low value of P signi-
fies that the probabilities of leaving the state i from the states 
mapping to state i (i.e., ai211 1 c ai) are very similar. P can 
have a low value for cases such as bimodal gene expressions 
where thresholds are selected to divide the distinct modes. 
The infinity norm of the residual for the approximate solu-
tion is shown to be upper bounded by 2P [32]. As a biological 
example for investigating the effect of coarse-scale modeling 
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[FIG4] (a) Steady-state probability distributions p1 and z1. 
(b) Steady-state probability distributions pc and zc [32].
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on intervention outcome, let us consider a genetic toggle 
switch where there are two competing proteins U1 and U2, 
each of which inhibits the transcription of the other [46]. The 
decay reactions U1 S f and U2 S f have propensities cC1 
and cC2, respectively. The transcription of new copies of the 
proteins are guided by the reactions f S U1 and f S U2 with 
propensities b/ 1b1C2 2  and b/ 1b1C1 2 , respectively. Figure 
4(a) shows the equivalence of the steady-state probability dis-
tribution p1 of Pr and the collapsed steady-state probability 
distribution z1 of PD for the system with b5 0.4 and c5 0.05
. But when a control policy is designed using the reduced net-
work Pr and applied to PD, the collapsed steady-state proba-
bility distribution zc  is not exactly the same as the 
steady-state probability distribution pc of the controlled 
coarse network as shown in Figure 4(b). The control problem 
setup is similar to (11). The control objective is to reduce the 
number of steady state molecules of the two proteins (in 
other words increase the steady-state probability of State 1) 
and the control input is assumed to increase the decay of the 
proteins by changing the value of parameter c to 0.1. The 
control policy is derived using dynamic programming princi-
ples. However pc and zc are very close. 

To investigate the effect of control policy design based on 
DE models when applied to SME models, let us consider the 
same genetic toggle switch. Based on the DE approximation 
provided in (7), Figure 5(a) shows the DE solution (blue dots) 
and the expectation of the SME solution (red stars) for the 
model with parameters values b5 4, c5 0.2 and starting dis-
tribution of p 1X 2 5 31, 0, 0 c, 0 4  i.e., the number of protein 
molecules for both the protein is zero for the initial state. To 
study the effect of the control policy designed on the simpler 
approximate DE model being applied to the original SME, we 
consider a control problem of maintaining the average expres-
sion of Protein 1 to be around the value ten. In this case, the 
control input is assumed to decrease the decay of the proteins 
by decreasing the value of the parameter c to 0.01. We design 
a simple on off controller with deadzone based on the DE 
model, which produces the following control policy: use 
System 1 (original system, b5 4, c5 0.2) if the average pro-
tein expression is above 10.5 and use System 2 (system when 
control is on, b5 4, c5 0.01) if the average protein expres-
sion is below 9.5. The result of this control policy applied to 
the SME models is shown in Figure 5(b). We notice that the 
control objective has been almost achieved with the average 
expression staying between 7.5–10.5. The variation could have 
been reduced if we apply control in much finer time interval 
than the current time interval of 2 s. In actual translational 
medicine, the time interval will be dependent on a number of 
factors like drug toxicity and technical limitations on the sam-
pling rate of expression measurements. 

UNCERTAINTIES IN ESTIMATION 
OF MODEL PARAMETERS
The investigation of the robustness of control policy design for 
GRNs can be approached from the perspective of 

 ■ studying the robustness of a generated policy in pres-
ence of uncertainties

 ■ incorporating the modeling uncertainties in the policy 
design to arrive at robust control policies. 

Intervention Performance in Presence of Uncertainties
The robustness of a stationary control policy for a Markov 
chain model similar to (11) is explored in [47] using perturba-
tion theory for Markov chains. When the class of allowed con-
trol is restricted to the flipping of genes, the application of a 
stationary policy converts the uncontrolled transition proba-
bility matrix P to a controlled transition probability matrix Pc, 
where Pc and P are related by Pc5 TP and T  represents a 
matrix which has only one nonzero entry of one in each row 
[47]. Let p and pc denote the stationary distribution vectors 
corresponding to the transition matrices P and Pc, respective-
ly. Since the probability transition matrix P is estimated from 
noisy and limited experimental data, there can be errors in 
estimation. Let P

|
 denote the actual transition matrix of the 

genetic network and let P
|

c denote the controlled transition 
probability matrix that results from the application of the sta-
tionary policy T on P

|
. Let p| and pc

|  denote the stationary dis-
tributions of P

|
 and P|c respectively. For the two Markov chains 

with transition probabilities P (estimated transition probabili-
ty matrix) and P

|
 (transition probability matrix of the actual 

GRN) and sharing a common state space, the difference 
between the two stationary distributions can be bounded by 
|p2p||q # k|| E ||` where q5 1 or `  and k .  0 are some 
constants and |p2p||q refers to the qth norm of the vector 
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[FIG5] (a) The average Protein 1 expression simulated using 
SME (red *) and DE approximation (blue dots) for the original 
genetic toggle switch with parameters b 5 4 and c 5 0.2. 
(b) The average protein expression simulated using SME after 
application of the on-off control policy designed using the 
approximate DE models. 
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p2p| and || E ||` denotes the ` norm of the error matrix E, 
which is equivalent to the maximum absolute row sum of E. 
The constants K  are usually referred to as condition numbers 
[48]. It is shown in [47] that the bound based on the ergodicity 
coefficient 1K5 1/12t1 1P 22  is valid for controlled transition 
probability matrices also i.e., for t1 1P 2 2 1 

 |pc2p
|

c|1 #
1

12t1 1P 2  || E ||`. (12)

The inequality in (12) implies that if the Markov chain corre-
sponding to an uncontrolled genetic network has a small ergo-
dicity coefficient bound, then the corresponding controlled 
Markov chain will also have an ergodicity coefficient that is 
bounded by the same bound. Consequently, if a stationary pol-
icy is designed from an estimated Markov chain that is “close” 
to the actual one for the network, then this policy when 
applied to the actual network will produce results that are 
close to the desired outcome, as far as the steady-state behav-
ior is concerned. 

Analysis of robustness for PMA models have been consid-
ered in [42] by investigating the maximum percentage vari-
ations that still keep the system in the range of desired 
behavior. Another general approach to parameter robust-
ness and tuning based on LTL is considered in [49] and is 
applied to improve the robustness of a synthetic transcrip-
tional cascade. 

Design of Robust Intervention Strategies
To explain the issue of robust design of control policies for 
Markovian models, let us revisit the nominal control problem 
described by (11). In case of uncertainties, we can parameter-
izing the class of transitions as V J 1Pa

u2u[C, a[Fa
, where Fa is 

the noise parameter distribution. One of the ways to approach 
robust intervention in presence of uncertainties is to consider 
the worst-case scenario such that therapeutic intervention is 
not detrimental even for the worst patient. A minimax(worst-
case) intervention policy is defined as a policy whose worst 
performance over the uncertainty class V is best among all 
admissible policies. The minimax robust policy, denoted by 
mmm, is the one that satisfies [47] 

 F 1P, V, z0 2 J min
m[q

  max
v[V  Jm, v 1z0 2 . (13)

There is no guarantee that a minimax robust solution will 
exist for all distributions. For some uncertainty classes, analyt-
ical solutions are feasible. In [47], the minimax robust solu-
tion for three different uncertainty classes are worked out. The 
uncertainties are characterized by 1) transition probabilities in 
an interval, 2) finite number of transition probability matrices, 
and 3) upper bound on the `-norm of the difference in the 
actual and estimated transition probabilities. However, the 
condition of rectangularity [50] required for some of the ana-
lytical solutions are hardly valid in practice. The worst-case 
robust policy design approach is typically conservative because 
it gives too much importance to the scenarios that hardly 
occur in practice. When the objective is to avoid extremely 
undesirable results, a minimax design is suitable, but when 
the objective is to improve the expected chances of success, a 
Bayesian approach will be preferable. A Bayesian robust policy 
minimizes the average cost over the uncertainty class V. Let 
mb denote the policy designed to be optimal at point b of the 
parameter distribution i.e., mb minimizes Jm,vb

1z0 2 . Here, vb 
refers to the probability transition matrix at point b. Let 
ga1mb2 5 Ez0

3Jmb, va
1z0 24  denote the expected cost per state at 

point a of the parameter distribution for the intervention poli-
cy mb, where the expectation over the states z0 of the network 
is taken to arrive at a single value for representing the cost of 
a policy. Consequently, the expected cost of ga 1mb 2  over the 
distribution Fa is given by 

 Ea 3ga 1mb245 Ea 3Ez0
3Jmb, va

1z0 244 , (14)

where Ea denotes expectation relative to the parameter distri-
bution. A Bayesian control policy, denoted by mb*, is one that 
minimizes Ea 3ga 1mb 24. The parameter value b* that achieves 
the minimum is called a maximally robust parameter value 
and the corresponding policy is called the Bayesian robust pol-
icy [51]. If the actual parameter for the distribution is b and 
one optimizes at b, then there is no gain, and perhaps a loss, 
in using the Bayesian robust policy because gb 1mb 2 # gb 1mb* 2 ; 
however, in the face of uncertainty regarding the actual 
parameter, the gain in applying the Bayesian robust policy is 

[FIG6] (a) Cost for policies designed at sb over the set of all 
possible sa’s. (b) Expected cost for various policies [51].
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Ea 3ga 1mb242 Ea 3ga 1mb*24, which is always nonnegative and can 
be substantial for parameter values far from the maximally 
robust one. The conservativeness of the minimax approach as 
compared to the Bayesian approach is shown in [51] through 
simulations using PBNs generated from gene expression data 
collected in a study of metastatic melanoma. Figure 6(a) 
shows the cost for policies designed at a particular noise 
parameter value sb when applied to all possible values of the 
noise parameter. Figure 6(b) shows that the e xpected cost in 
using the Bayesian policy (mb*) is much less than the expected 
cost in using the minimax policy 1mmm 2 . 
CONCLUSIONS AND FUTURE DIRECTIONS
In this article, we discussed a number of recent approaches to 
robust m odeling and control of GRNs. The reported results 
indicate that significant progress has been m ade in investigat-
ing the robust design of intervention polices of GRNs; howev-
er, a large number of open issues still remain. We next discuss 
some of the open issues in this area.  

 ■ Explore the robustness of models that encompasses 
transcriptome, proteome and metabolome: Robust  analysis 
and intervention approaches designed so far in genomics 
are primarily focused on one level such as transcriptome, 
proteome, or metabolome. With  the advent of combined 
data sets and improved approaches to connect different 
experimental  data sets, integrated modeling of the regu-
lome i s gaining momentum. We require robustness analy-
sis of such integrated models along with robust control 
policy design of hybrid integrated models containing a 
combination of different tim e scales. 

 ■ Robust adaptive control: Most of the currently available 
robust modeling and control approaches for GRNs consider 
the actual biological model to be fixed and the uncertainties 
are assumed to be  in the estimation of the parameters of the 
fixed biological model. However, the model connectivity and 
logical relationships can keep changing with time—especial-
ly in the case of ge netic diseases—and we require control 
approaches that will be robust and also adaptively fine tune 
the parameters of the model to new experimental data. 

 ■ Approximate control policy design: Control policy 
design especially robust policy design encompasses a huge 
computational comp lexity and thus suboptimal approaches 
to control policy design have to be explored. The tuning 
technique based on discrete abstracti ons of the state space 
proposed in [23] is one such approach. Further approaches 
to control policy design for higher-order detailed nonlinear 
models needs to be expl ored. 

 ■ Explore model free control: Ideas for the design of con-
trol policies for translational genomics based on network 
measurements without the inference of the par ameters of 
the model needs to be explored [52]. When the ultimate 
goal is intervention and there is huge uncer tainty in esti-
mating the actual model of the biological system, function 
approximators based on polynomials or neural networks 
can be used to design the control policy. 

 ■ Issues i n component integration and noise propagation 
for synthetic biology: Combining multiple biological blocks 
to produce complex behaviors is being extensively studied 
[53], [54]. One of  the many open issues in this area is the 
analysis and fault detection of synthetic systems that do not 
produce the desired behavior as predicted by the given 
descriptions of standardized individual parts [53]. To  pro-
duce a desired output response based on the integration of 
simpler component devices, it is beneficial to have standard-
ized biological blocks with properly defined  input and out-
put signals where the interactions between multiple blocks 
are through the input and output signals only. Thus, further 
researc h efforts are required in the direction of standardiza-
tion and understanding cellular context dependent modu-
larity in biological components [54]. The other important 
 issue in synthetic biology is to understand and characterize 
the noise (intrinsic and extrinsic) in artificial gene net-
works. Some initial analysis of the effect of negative feed-
back on no ise propagation in transcriptional networks is 
considered in [55] using simulation studies on a stochastic 
model of single gene and multigene casc ade networks. It is 
shown that negative auto-regulation for single or multi-
stage cascades do not attenuate noise, whereas oscillatory 
behavior can be observed for delayed negative feedback. 
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