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A major reason for constructing gene regulatory networks is to use them as models for determining therapeutic
intervention strategies by deriving ways of altering their long-run dynamics in such a way as to reduce the
likelihood of entering undesirable states. In general, two paradigms have been taken for gene network
intervention: (1) stationary external control is based on optimally altering the status of a control gene (or genes)
over time to drive network dynamics; and (2) structural intervention involves an optimal one-time change of the
network structure (wiring) to beneficially alter the long-run behaviour of the network. These intervention
approaches have mainly been developed within the context of the probabilistic Boolean network model for gene
regulation. This article reviews both types of intervention and applies them to reducing the metastatic competence
of cells via intervention in a melanoma-related network.
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1. Introduction

The modelling of gene regulatory networks is necessary
to describe the manner in which cells execute and
control normal function and how abnormal function
results from a breakdown in regulation. Hence, gene
regulatory networks are critical to translational geno-
mics, whose aim is to develop therapies based on the
disruption or mitigation of aberrant gene function
contributing to the pathology of a disease. Mitigation
would be accomplished by the use of drugs to act on
gene products. Engineering therapeutic tools involves
synthesising dynamical networks, analysing these net-
works to characterise gene regulation and developing
intervention strategies to modify dynamical behaviour
(Dougherty and Datta 2005; Datta and Dougherty
2007; Shmulevich and Dougherty 2007). Two basic
intervention approaches have been considered for gene
regulatory networks in the context of probabilistic
Boolean networks (PBNs) (Shmulevich, Dougherty,
and Zhang 2002a; Shmulevich, Dougherty, Kim, and
Zhang 2002), external control and structural
intervention.

External control takes advantage of the fact that the
dynamic behaviour of a PBN can be modelled by a
Markov chain, thereby making intervention in PBNs
amenable to the theory of Markov decision processes.
Control is generally based on flipping (or not flipping)

the value of a control gene. The first intervention

approach of this kind involved the determination of an

optimal single-gene flip to the network to drive it away

from an undesirable state to a desirable state,

optimality being based on mean first passage time

(Shmulevich, Dougherty, and Zhang 2002b).

Following this simple, one-time intervention, attention

turned to dynamic-programming-based finite-horizon

external control (Datta, Choudhary, Bittner, and

Dougherty 2003), in which the effects are transient

and the steady-state distribution is not changed, and

then to infinite-horizon stationary external control

(Pal, Datta, and Dougherty 2006) in which the steady-

state distribution is altered. In this article we consider

infinite-horizon stationary control.
Structural intervention involves a one-time change

of the network structure (wiring) to beneficially alter

the long-run behaviour (steady state) of the network

(Shmulevich, Dougherty, and Zhang 2002c; Xiao and

Dougherty 2007; Qian and Dougherty 2008). Given a

class of potential structural changes, the problem is to

find the optimal structural intervention resulting in a

desired alteration of the steady-state distribution.

Ignoring random effects, PBN state transitions are

determined by regulatory rules among the genes and

a structural intervention results from perturbing one of

the rules. Two issues are involved: (1) characterise the
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effects of a rule perturbation and (2) determine the
optimal perturbation(s) to achieve a desirable alter-
ation in the steady-state distribution, one in which the
steady-state mass is moved in the direction of desirable
states and away from undesirable states.

2. Probabilistic Boolean networks

Before discussing intervention, we provide a brief
review of PBNs, one sufficient to make the present
article self-contained. We refer the reader to
(Shmulevich and Dougherty 2007) for a comprehensive
review. Probabilistic Boolean networks extend the
classical Boolean networks (Kauffman 1969, 1993) by
introducing uncertainty in the rule structure. This
uncertainty is motivated by randomness in the infer-
ence procedure, inherent biological randomness, and
model stochasticity owing to latent variables outside
the model that are involved in regulation. We begin by
defining a Boolean network and then introduce the
PBN model as being composed of a set of Boolean
networks.

A Boolean network G(V,F ) is defined by a set
V¼ {x1, x2, . . . ,xn} of binary variables, xi2 {0, 1},
i¼ 1, . . . , n, and a list of Boolean functions F¼
( f1, f2, . . . , fn). The value of xi at time tþ 1 is completely
determined by a subset {xi1, xi2 , . . . , xiki}�V at time
t via a Boolean function fi : {0, 1}

ki � {0, 1}. Transi-
tions are homogeneous in time and we have the update

xi tþ 1ð Þ ¼ fiðxi1ðtÞ, xi2ðtÞ, . . . , xiki tð ÞÞ: ð1Þ

Each xi represents the state (expression) of gene i,
where xi¼ 1 and xi¼ 0 represent gene i being expressed
and not expressed, respectively. It is commonplace to
refer to xi as the i-th gene. The list F of Boolean
functions represents the rules of regulatory interactions
between genes. That is, any given gene transforms its
inputs (regulatory factors that bind to it) into an
output, which is the state or expression of the gene
itself. All genes are assumed to update synchronously
in accordance with the functions assigned to them and
this process is then repeated. At any time t, the state of
the network is defined by a state vector x(t)¼
(x1(t),x2(t) , . . . , xn(t)), called a gene activity profile
(GAP). Given an initial state, a BN will eventually
reach a set of states, called an attractor cycle, through
which it will cycle endlessly. Each initial state
corresponds to a unique attractor cycle and the set of
states leading to a specific attractor cycle is known as
the basin of attraction (BOA) of the attractor cycle.

A Boolean network with perturbation (BNp) is
defined by allowing each gene to possess the possibility
of randomly flipping its value with a positive proba-
bility p. Implicitly, we assume that there is an i.i.d.

random perturbation vector �¼ (�1, �2, . . . , �n), where
� i2 {0, 1}, the i-th gene flips if and only if �i¼ 1, and
p¼P(�i¼ 1) for i¼ 1, 2, . . . , n. If x(t) is the GAP at
time t, then the next state x(tþ 1) is either f(x(t)) with
probability (1� p)n or x(t)� c with probability
1� (1� p)n, where f is the multi-output function from
the truth table and � is component-wise addition
modulo 2. Perturbation makes the corresponding
Markov chain of a BNp irreducible and ergodic.
Hence, the network possesses a steady-state distribu-
tion � describing its long-run behaviour. A BNp
inherits the attractor structure from the original
Boolean network without perturbation, the difference
being that a random perturbation can cause a BNp to
jump out of an attractor cycle, perhaps then transi-
tioning to a different attractor cycle prior to another
perturbation. If p is sufficiently small, then � will
reflect the attractor structure within the original
network. We can derive the transition probability
matrix P if we know the truth table and the pertur-
bation probability p for a BNp.

A binary (PBN) is composed of a family {B1,
B2 , . . . ,Bm} of BNps together with probabilities
governing the selection of a BNp at each time. The
m constituent BNps are characterised by m network
functions, {f1, f2 , . . . , fm}. At any time point there is a
positive probability q of switching from the current
governing constituent BNp to another, with the
selection probabilities for transitioning to B1,B2 , . . . ,
Bm given by c1, c2 , . . . , cm, respectively. Note that the
probability of switching to constituent network Br is
independent of the current network; indeed, when a
switch is called for, the current network may ‘switch’ to
itself. By definition, a PBN inherits the attractor cycles
of its constituent BNps. There are two modeling
interpretations regarding q. If q5 1, the interpretation
is that there are latent variables outside the network
whose changes cause the model network to behave
stochastically, the PBN is said to be context-sensitive
(Brun, Dougherty and Shmulevich 2005), and q is
usually assumed to be small, reflecting the assumption
that the BNp governing network dynamics is only
changed infrequently. If q¼ 1, as in the original
formulation of PBNs (Shmulevich et al. 2002), then
the interpretation is that the uncertainty in the BNp
arises from uncertainty in model inference and the
PBN is said to be instantaneously random. Although we
have defined PBNs as having binary gene values, there
is nothing inherent in this restriction and the general
definition assumes that each gene can take a finite
number of values, say in the set {0, 1 , . . . , d}. Both
binary and ternary PBNs have been applied, where in
the ternary case, the values �1, 0, and 1 correspond
to a gene being down-regulated invariant, and
up-regulated, respectively.
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For the purposes of intervention we will be
focusing on the Markov chain associated with a
PBN. Hence, we are concerned with the transitions
constituting the probability transition matrix. For a
BNp, the probability of transitioning from GAP y to
GAP x is given by

PyðxÞ ¼ 1½fðyÞ¼x�ð1� pÞn þ 1½x 6¼y�p
�ðx, yÞð1� pÞn��ðx, yÞ,

ð2Þ

where �(x, y) is the Hamming distance between x and
y, and 1[f(y)¼x] is the indicator function that takes value
1 if f(y)¼ x according to the truth table and is equal to
0 otherwise. For instantaneously random PBNs,

PyðxÞ ¼
Xm
j¼1

cj1½fjðyÞ¼x�ð1�pÞnþ1½x 6¼y�p
�ðx,yÞð1�pÞn��ðx,yÞ:

ð3Þ

For context-sensitive PBNs, the matter is more
complicated. Here the states of the Markov chain
consist of (context, GAP) pairs and the probability of
transitioning from state (s, y) to state (r, x) is given by

Ps,yðr, xÞ ¼ 1½r¼s�ð1� qþ qcsÞ
n
1½fsðyÞ¼x�ð1� pÞn

þ 1½x6¼y�p
�ðx, yÞð1� pÞn��ðx, yÞ

o ð4Þ

þ 1½r6¼s�qcr

n
1½frðyÞ¼x�ð1� pÞn

þ 1½x 6¼y�p
�ðx, yÞð1� pÞn��ðx, yÞ

o
, ð5Þ

where r, s denote the rth and sth BNp, which are the
BNps at time tþ 1 and t (see (Faryabi, Vahedi,
Chamberland, Datta, and Dougherty 2009) for
derivations).

3. Stationary control

A PBN with control can be modelled as a stationary
discrete-time dynamic system

ztþ1 ¼ f ðzt, ut,wtÞ, t ¼ 0, 1, . . . , ð6Þ

where for all t, zt is an element of a state space S , the
control input ut is an element of a control space C, the
disturbance wt is an element of a space D and
f :S�C�D � S. In the particular case of a context-
sensitive PBN with n genes composed of m Boolean
networks with perturbation probability p and network
switching probability q, the state space has m2n

elements of the form (r, x). By numbering these from
0 to m2n� 1, we can equivalently take the state space to
be S¼ {0, 1, 2 , . . . ,m2n� 1}, which is what we will do.
In the special case of an instantaneously random PBN,
the state space reduces to S¼ {0, 1, 2 , . . . , 2n� 1}.
We assume that there are k binary control inputs,

so that, upon numbering these from 0 to 2k� 1, the
control input ut is constrained to take values in the
space C¼ {0, 1 , . . . , 2k� 1}. The disturbance wt is
manifested in terms of change of network based on the
network transition probability q or change of state due
to perturbation probability p. wt is independent of
prior disturbances w0,w1, . . . ,wt�1.

Our objective is to come up with a sequence of
control inputs, referred to as a control strategy, such
that an appropriate cost function is minimised over the
entire class of allowable control strategies. In doing so,
we follow Pal et al. (2006). To arrive at a useful
solution, a cost function must capture the costs and the
benefits of using any control. Thus, we define a cost
per stage, ~gði, u, j Þ, depending on the origin state i, the
destination state j, and the applied control input u. The
actual design of a ‘good’ cost function is application
dependent and is likely to require considerable expert
knowledge. In finite-horizon control one can sum the
costs over the number of time points constituting the
horizon and take the expectation; however, this cannot
safely be done with infinite horizon because there is a
possibility that the summation of the one-stage costs
may go to infinity (for all controls), thereby leading to
an ill-posed optimisation problem.

One standard way of defining the cost function is to
assume that the cost per stage ~gði, u, j Þ is bounded for
any i, j2S and u2C and to introduce a discount factor
�2 (0, 1) in the cost to guarantee that the limit of the
finite sums converges as the horizon length goes to
infinity. Specifically, our objective is to find a policy
�¼ {�0,�1, . . . }, where �t :S!C, t¼ 0, 1, . . . , that
minimises the cost function

J�ðz0Þ ¼ lim
M!1

E
XM�1
t¼0

�t ~gðzt, ltðztÞ, ztþ1Þ

( )
, ð7Þ

where the cost per stage ~g : S� C�D! < is given and
the expectation is with respect to the state and the
disturbance. In the general formulation, the inclusion of
� in the cost captures the fact that costs incurred at a
later time are less significant. In the case of cancer
treatment, �5 1 signifies that the condition of the
patient in the initial stages of treatment is more impor-
tant than the condition at a later stage, or in other
words, the reward for improving the condition of the
patient in the present is more significant than the reward
obtained from similar improvement at a later stage.

Since in Equation (7) the cost is obtained by taking
the expectation with respect to the origin and destina-
tion states, it is possible to replace ~gðzt, ut, ztþ1Þ by an
equivalent cost per stage that does not depend on
the destination state. This is accomplished by taking
the expectation with respect to the destination state
and leaving only the expectation with respect to the
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original state. More specifically, we use as cost per stage
the expected cost g(i, u) given by (Bertsekas 2001):

gði, uÞ ¼
Xm2n�1

j¼0

pijðuÞ ~gði, u, j Þ, ð8Þ

where pij(u) is the transition probability under con-
trol u. In general, the cost ~gði, u, j Þ of moving from state
i to state j under control u may depend on the starting
state i; however, in the case of PBNs, we have no
obvious basis for assigning different costs based on
different initial states. Accordingly, we assume that the
penalty ~gði, u, j Þ is independent of the starting state
i and its value is based on the control effort and the
terminal state j. The penalty is high if the end state is a
bad state regardless of the starting state, and vice-
versa. Hence ~gði, u, j Þ ¼ ~gðu, j Þ and Equation (8)
becomes

gði, uÞ ¼
Xm2n�1

j¼0

pijðuÞ ~gðu, j Þ: ð9Þ

If we denote by � the set of all admissible policies
!, i.e. the set of all function sequences !¼ {�0,�1, . . . }
with �t(z) :S!C, t¼ 0, 1, . . . , then the optimal cost
function J* is defined by

J�ðzÞ ¼ min
!2�

J!ðzÞ, z 2 S: ð10Þ

A stationary policy is an admissible policy of the form
!¼�,� , . . . , and its corresponding cost function is
denoted by J�. The stationary policy !¼�,� . . . is
optimal if J�(z)¼ J*(z) for all states z.

We minimise the cost function of Equation (7)
under the assumption that the cost per stage is
bounded, an assumption that holds for PBNs because
the expected cost, g(i, u), for state i is given by
Equation (9),

P2n�1
j¼0 pijðuÞ ¼ 1, and ~gðu, j Þ is bounded

since the control and state spaces are finite. This is
accomplished by introducing two mappings. For
any cost function J :S!R, define the mapping
TJ :S!R by

ðTJ ÞðiÞ ¼ min
u2C
½ gði, uÞ þ �

Xm2n�1

j¼0

pijðuÞJð j Þ�, i 2 S: ð11Þ

TJ is the optimal cost function for the one-stage (finite-
horizon) problem that has stage cost g and terminal
cost �J. Similarly for any cost function J :S!R and
control function � :S!C, define the mapping
T�J :S!R by

ðT�J ÞðiÞ ¼ gði,�ðiÞÞ þ �
Xm2n�1

j¼0

pijð�ðiÞÞJð j Þ, i 2 S:

ð12Þ

T�J can be viewed as the cost function associated with

the policy � for the one-stage problem that has stage
cost function g and terminal cost �J. Since the
mappings T and T� map functions J :S!R into

new functions mapping S to R, one can define the
composition of T with itself and T� with itself as
follows:

ðTkJ ÞðiÞ ¼ ðTðTk�1J ÞÞðiÞ, i 2 S, k ¼ 1, 2, . . . , ð13Þ

ðT 0J ÞðiÞ ¼ JðiÞ, i 2 S, ð14Þ

and

ðTk
�J ÞðiÞ ¼ ðT�ðT

k�1
� J ÞÞðiÞ, i 2 S, k ¼ 1, 2, . . . , ð15Þ

ðT 0
�J ÞðiÞ ¼ JðiÞ, i 2 S: ð16Þ

The mappings T and T� play an important role in

the solution of the optimal control problem of this
section. Specifically, it can be shown that: (i) the
optimal cost function J* is the unique fixed point of

the map T; (ii) the iteration Jtþ1¼TJt converges to
J* as t!1; and (iii) the mapping T� can be used
to characterise the conditions under which a given
stationary policy � is optimal. These ideas are

formalised in the following three theorems
adapted from Bertsekas (2001) (see (Pal et al. 2006)
for proofs).

Theorem (Convergence of the discounted-cost
algorithm): For any bounded cost function J :S!R,
the optimal cost function J* satisfies

J �ðiÞ ¼ lim
M!1
ðTMJ ÞðiÞ, for all i 2 S: ð17Þ

Theorem (Bellman’s equation): The optimal cost func-

tion J* satisfies

J�ðiÞ ¼min
u2C
½gði,uÞ þ �

Xm2n�1

j¼0

pijðuÞJ
�ð j ÞÞ�, for all i 2 S,

ð18Þ

or, equivalently, J*¼TJ*. Furthermore, J* is the unique
solution of this equation within the class of bounded
functions.

Theorem (Necessary and sufficient condition for
optimality): A stationary policy � is optimal if and
only if �(i) attains the minimum in Bellman’s equation

(18) for each i2S; i.e.

TJ � ¼ T�J
�: ð19Þ

The three theorems provide a basis for computa-
tional algorithms for determining the optimal policy.

The second theorem asserts that the optimal cost
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function satisfies Bellman’s equation while the
first theorem states that the optimal cost func-
tion can be iteratively determined by running the
recursion

Jtþ1 ¼ TJt, t ¼ 0, 1, 2, . . . ð20Þ

for any bounded initial cost function J0 :S!R. Since
this iteration is guaranteed to converge to J*, one can
keep on running this iteration until some stopping
criterion is reached. The resulting policy is a stationary
one, which by the third theorem, must be optimal. The
iteration described in (20) is referred to as the Value
Iteration procedure since, at every stage we are
iterating on the values of the cost function and the
optimal policy simply falls out as a by-product when
the iteration converges to the optimal value of the cost
function (see (Pal et al. 2006) for solution by Policy
Iteration).

4. Stationary control in a melanoma network

To pragmatically discuss optimal intervention, one
must work with a network for which the goal of
intervention can be quantitatively specified. Here, we
consider a gene regulatory network developed from
data collected in a study of metastatic melanoma in
which the abundance of messenger RNA for the gene
WNT5A was found to be a highly discriminating
difference between cells with properties typically
associated with high metastatic competence versus
those with low metastatic competence (Bittner, et al.
2000). These findings were validated and expanded in
a second study (Weeraratna, et al. 2002). In this
study, experimentally increasing the levels of the
Wnt5a protein secreted by a melanoma cell line via
genetic engineering methods directly altered the
metastatic competence of that cell as measured by
the standard in vitro assays for metastasis. A further
finding of interest in the current study was that an
intervention that blocked the Wnt5a protein from
activating its receptor, the use of an antibody that
binds the Wnt5a protein, could substantially reduce
Wnt5a’s ability to induce a metastatic phenotype.
This suggests a study of control based on interven-
tions that alter the contribution of the WNT5A gene’s
action to biological regulation, since the available
data suggest that disruption of this influence could
reduce the chance of a melanoma metastasizing, a
desirable outcome.

We consider a 7-gene network containing the genes
WNT5A, pirin, S100P, RET1, MART1, HADHB and
STC2. To obtain the PBN, we have used the
algorithms described in Pal, Ivanov, Datta, Bittner,
and Dougherty (2005) to construct four highly

probable Boolean networks to use as the constituent
networks. There are 4� 27¼ 512 states in the Markov
chain, 4 contexts and 128 GAPs. The last two binary
digits of the state number represent the constituent
network and the first seven binary digits constitute the
GAP. The genes are ordered as WNT5A, pirin, S100P,
RET1, MART1, HADHB and STC2, with WNT5A as
the most significant bit (MSB) of the GAP profile and
STC2 as the least significant bit (LSB) of the GAP
profile.

The discounted-cost control strategy has been
applied to the designed PBN with pirin chosen as the
control gene (u¼ 1 signifying the state of pirin is
reversed and u¼ 0 signifying no intervention), p¼ q¼
0.01 being the probabilistic parameters of the PBN, and
�¼ 0.9 being the discount factor. The cost of control is
assumed to be 1 and the states are assigned penalties as
follows:

~gðu, j Þ ¼

5 if u ¼ 0 and WNT5A is 1 for state j

6 if u ¼ 1 and WNT5A is 1 for state j

1 if u ¼ 1 and WNT5A is 0 for state j

0 if u ¼ 0 and WNT5A is 0 for state j

8>>><
>>>:

Since our objective is to down-regulate the WNT5A
gene, a higher penalty is assigned for destination states
having WNT5A up-regulated. Also for a given
WNT5A status for the destination state, a higher
penalty is assigned when the control is active versus
when it is not.

The control objective is to down-regulate the
WNT5A gene. Parts (a) and (b) of Figure 1 show the
steady-state distributions of the original and con-
trolled PBNs, respectively. States 0–255 have
WNT5A¼ 0 (desirable) and states 256–511 have
WNT5A¼ 1 (undesirable). The different steady-state
distributions show that the stationary policy has
shifted the probability mass from states with higher
to lower metastatic competence. The probability mass
of undesirable states in the original steady-state
distribution is 0.4939, while in the controlled steady-
state distribution it has been reduced to 0.3061. To
numerically quantify the change, we multiply the
steady-state distribution by the cost vector. For the
original PBN the cost vector is 0 for states 0–255 and
5 for states 256–511. For the stationary policy, the
cost vector is ~gð�ðzÞ, zÞ, z2 [0, 1, 2, . . . , 511]. The value
for the stationary policy is 1.5551 as compared to
2.4695 for no control.

5. Structural intervention

In the present framework, a function perturbation is
a change to one of the Boolean functions and
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a structural intervention is a change to the truth table

governing network transitions via a function pertur-

bation (the term ‘perturbation’ being used in two

different senses in the context of network intervention).

To find an optimal structural intervention we need to

determine the long-run effect of such a perturbation.

Following function perturbation the original transition

matrix P and steady-state distribution � are changed to
~P and ~�, respectively. Our desire is to represent ~� in

terms of � and P so that an optimal perturbation can

be determined directly from � and P.
The basic idea is to derive ~� for PBNs based on the

results for general Markov chains. For the original and

perturbed networks, �TP¼�T and ~�T ~P ¼ ~�T, where

T denotes transpose. Since the Markov chain is irre-

ducible, the time-average transition matrix is defined by

P1 ¼ lim
j!1
½Pþ P2 þ � � � þ Pj�=j ¼ e�T, ð21Þ

where e is a column vector whose components are all

unity. Letting ~P ¼ Pþ E, the steady-state distribution

change is

ð ~�� �ÞTðI� PÞ ¼ ~�TE: ð22Þ

Analytical expressions for the steady-state distri-

bution change can be obtained using generalised

inverses (Hunter 1986), g-inverses (Cho and Meyer

2001) and the fundamental matrix (Schweitzer 1968).

In general, a g-inverse of a matrix A is any matrix A�

such that AA�A¼A. If P and � are the transition

matrix and the stationary distribution, respectively, of

a finite irreducible Markov chain, and t and u are

any vectors such that �Tt 6¼ 0 and uTe 6¼ 0, then

(1) I�Pþ tuT is nonsingular; (2) [I�Pþ tuT]�1 is a

g-inverse of I�P; and (3) all g-inverses of I�P are of

the form [I�Pþ tuT]�1þ efTþ g�T for arbitrary f

and g. The fundamental matrix is given by Z¼

[I�Pþ e�T]�1 and exists in our case since it exists

for any ergodic chain (Kemeny and Snell 1960). While

various results can be obtained in the general setting,

we are interested in special cases that apply to PBNs;

in particular, we want to express ~�� � without

reference to ~�.
For a rank-one perturbation, the perturbed Markov

chain has the transition matrix ~P ¼ Pþ abT, where a, b

are two arbitrary vectors satisfying bTe¼ 0, and abT

represents a rank-one perturbation to the original

Markov chain P. We now state the key result for

this kind of perturbation (Hunter 2005; Qian and

Dougherty 2008) (see (Qian and Dougherty 2008) for

the details leading up to the theorem).

Theorem: The steady-state distribution, fundamental

matrix, and a g-inverse for I� ~P for the rank-one

perturbed network are given by

~�T ¼ �T þ
�Ta

1� bTZa
bTZ, ð23Þ

~Z ¼ I�
ð�TaÞebTZ

1� bTZa

� �
Zþ

ZabTZ

1� bTZa

� �
, ð24Þ

½I� ~Pþ að�þ bÞT��1 ¼ Z Iþ ðe� aÞ
�T

�Ta

� �
: ð25Þ

An important special case occurs when the transi-

tion mechanisms before and after perturbation differ

only in one state, say the k-th state. Then E¼ ekb
T has
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Figure 1. Steady-state distribution shifts: (a) original steady state distribution; (b) steady-state distribution using discounted cost
stationary policy.
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non-zero values only in its k-th row, where ek is the

elementary vector with a 1 in the k-th position and

0s elsewhere. Substituting this into Equation (23) yields

~�T ¼ �T þ
�Tek

1� bTZek
bTZ ¼ �T þ

�k
1� �k

�T ð26Þ

with �T¼ bTZ (Schweitzer 1968). For the i-th state,

~�i ¼ �i þ
�k�i
1� �k

: ð27Þ

The results for these special cases can be extended

to arbitrary types of perturbations so that it is possible

to compute the steady-state distributions of arbitrarily

perturbed Markov chains in an iterative fashion (Qian

and Dougherty 2008). For complicated perturbations,

the computation for the iterative algorithm is in the

form of vector-matrix multiplication and the complex-

ity of the procedure increases linearly with the

increasing complexity of perturbations.
To accomplish optimal intervention in PBNs, these

general Markov chain results must be adapted to

PBNs. First consider a single perturbation on a BNp,

which is a flip for one target gene at the response side

for the predictor state k in the truth table. Ignoring

perturbation, each row in the transition matrix

corresponds to a single input state i and the row

consists of all 0s except for a 1 in the column of the

output state f(i). A one-bit perturbation for input state

k means that there is a network function transforma-

tion f! ~f with v ¼ ~fðkÞ 6¼ fðkÞ ¼ u and ~fðiÞ ¼ fðiÞ for all

i 6¼ k. Hence, there is now (with ~f) a 1 in the column of

the output state v and a 0 in the column of state u,

whereas originally (with f ) there was a 0 in the column

of the output state v and a 1 in the column of state u,

and all other entries in the matrix are unchanged.

Relative to the BNp, this changes the transition matrix

P only at pku and pkv (note that we write states in italic

when they are subscripts of transition probabilities –

for instance, k in place of k). Thus, ~pku ¼ pku � � and
~pkv ¼ pkv þ �, where � is decided by the change to the

truth table and the perturbation probability p:

�¼ (1� p)n. With Equation (27), we have

~�i ¼ �i þ
ð1� pÞn�kðzvi � zuiÞ

1� ð1� pÞnðzvk � zukÞ
: ð28Þ

This scheme can be extended to more sophisticated

function perturbations by applying the results for

either rank-one perturbations in Equation (23) or the

iterative updating scheme for multi-row perturbations.

For instance, for a function perturbation to a single

regulatory function fi for gene i having Ki predictor

genes there will be changes to 2n�Ki rows of the

transition matrix P.

Now consider an instantaneously random PBN.
Ignoring perturbation, each row in the transition
matrix corresponds to a single input state i and that
row contains a number of positive values summing to
1, with the remaining values being 0. The value in
column j is the sum of all context-selection probabil-
ities cr such that fr(i)¼ j, where fr is the network
function for the rth constituent BNp. A one-bit
perturbation for input state k corresponds to a
change in one network function fr, so that exactly
two columns are changed. This means that there is a
network function transformation fr ! ~fr with
v¼ ~frðkÞ 6¼ frðkÞ ¼ u and ~frðiÞ ¼ frðiÞ for all i 6¼k.
There is a gain of cr in the column of the output
state v and a loss of cr in the column of state u, and all
other entries in the matrix are unchanged. Hence, we
can proceed in the same manner as with a one-bit
perturbation for a BNp using Equation (27). If we are
not limited to changing a single constituent BNp
network function for input state k, then the situation
becomes more complicated because there could be
several changes in the transition matrix in the row
corresponding to state k, but this too can be handled
(Qian and Dougherty 2008).

For a context-sensitive PBN, each state of the
Markov chain is of the form (r, i), where r denotes the
r-th constituent BNp and i the gene state vector. If
there are m contexts and n genes, then the size of the
transition matrix is m2n�m2n. A one-bit perturbation
for input state (s, k) corresponds to a change in
network function fs, so that exactly two columns are
changed, both being columns of the matrix corre-
sponding to the sth constituent BNp. Hence, we can
proceed in the same manner as with a rank-one
perturbation for a BNp using Equation (23). To
change d constituent BNp network functions for
input gene state k means one-bit perturbations to
d states, (s1, k), (s2, k), . . . , (sd, k), in the Markov chain.
Relative to the matrix this means multiple rank-one
perturbations caused by d perturbations. This can be
solved analogously as in the multi-row situation
with BNps.

The objective of intervention is to keep cells away
from certain states (for example, metastatic cancerous
phenotypes). The goal of structural intervention is to
alter the long-run dynamics of the network by altering
the rule structure. Given a set U of undesired states, we
want to minimise

P
i2U �̂i over all structural changes

within a given class. This can be done analytically
using the fact that ~�i can be expressed in terms of �i,
the difference vector for the k-th rows of the transition
matrices, and the fundamental matrix (Equation (27)).
One can constrain the optimisation in many ways, for
instance, by limiting the amount of mass in any given
state. One might also put limits on the change in mass
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j�̂i � �ij of some states, so that there is no over
concentration of mass in certain states of the altered
network.

Before proceeding to an illustration of structural
intervention in a biological network, we note that the
perturbation theory for PBNs can be used to charac-
terise the long-run sensitivity of a PBN to structural
perturbations and that this long-run sensitivity is
related to the inference and controllability of PBNs
(Qian and Dougherty 2009).

6. Structural intervention in a melanoma network

Here, we consider a 7-gene Boolean network con-
structed from the data of (Bittner et al. 2000) using the
Bayesian connectivity-based approach of (Zhou, et al.
2004). The network contains the genes WNT5A, pirin,
S100P, RET1, MART1, HADHB and STC2, which we
label as x1, x2, . . . , x7, respectively. The regulatory rules
inferred in (Pal, Datta, Bittner, and Dougherty 2005)
are given in Table 1, where the i-th bit of the output
binary string represents the output value for the i-th
input predictor in binary representation. For example,
in the last row of Table 1, 1101 means that, for the
input predictors 00, 01, 10, 11, f7 has the output 1, 1,
0 and 1. We let the gene perturbation probability be
p¼ 0.001.

If we are only interested in steady-state mass, then
the objective function is chosen to minimise that mass
for the states with x1¼ 1 (WNT5A expressed), namely,
we minimise

P
x1¼1

~�ðxÞ. This actually leads to an
obvious intervention strategy: perturb the output from
1 to 0 for the predictor x6¼ 0 of f1. For this
perturbation,

P
x1¼1

~�ðxÞ ¼ 0:0010. Figure 2(a) shows
the original steady-state distribution and Figure 2(b)
shows the steady-state distribution resulting from the
structural intervention.

While the preceding strategy appears obvious, it has
the effect of significantly altering the attractor structure.
The original network has four attractors possessing the
following steady-state probabilities: �(0101111)¼
0.3645, �(0110110)¼ 0.0260, �(0111110)¼ 0.1301
and �(1000001)¼ 0.4662. Since we desire the down-
regulation of WNT5A, the attractor 1000001 is
undesirable. This is accomplished by the intervention,
with ~�ð1000001Þ ¼ 0:0005. But the intervention intro-
duces a new attractor, 0000001, with ~�ð0000001Þ ¼
0:4677. If we lack knowledge of this phenotype,
although the overall result is beneficial from the
standpoint of WNT5A, we may not want such a large
mass associated with a little known phenotype.

Suppose we take a different approach. Since we
want to down-regulate WNT5A, the attractor 1000001
is undesirable and we want to reduce its steady-state

probability but, in addition, suppose we do not want to
introduce other attractors that might lead to unexpected

cellular behaviour. Then we can maximise the follow-
ing objective function ~�ð0101111Þ þ ~�ð0110110Þþ
~�ð0111110Þ. The optimal function perturbation in this
case is to perturb the output from 0 to 1 for the predictor

x4x6x7¼ 011 of f4. The perturbed steady-state prob-
abilities are ~�ð0101111Þ ¼ 0:6921, ~�ð0110110Þ ¼ 0:0495,
~�ð0111110Þ ¼ 0:2472 and ~�ð1000001Þ ¼ 0:0007. We can
see that the steady-state mass for the rest of states is

equal to 0.0105, which appears to be a safe intervening
strategy. Figure 2(c) illustrates that the steady-state

distribution shifts from undesirable to desirable states
after this one-bit function perturbation. This shift is

permanent since the perturbation changes the underly-

ing structure of the BNp.
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Figure 2. Steady-state distribution shifts for BNps with
p¼ 0.001: (a) original steady-state distributions; (b) after
optimal perturbation to f1; (c) after optimal perturbation
to f4.

Table 1. Definitions of Boolean functions for the
WNT5A BNp.

Function Input variables Output

f1 x6 10
f2 x2, x4, x6 00010111
f3 x3, x4, x7 10101010
f4 x4, x6, x7 00001111
f5 x2, x5, x7 10101111
f6 x2, x3, x4 01110111
f7 x2, x7 1101
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We can consider many potential intervention
strategies because the analytic results lead to an
efficient search for the optimal function perturbation.
In addition, it is easy to find optimal practical
strategies by looking into the subset of biologically
admissible intervening strategies. Another point to
notice is that the entire process of finding an optimal
function perturbation requires computation of a single
matrix inverse – the fundamental matrix of the original
network. Thus, the efficiency of finding an optimal
strategy in one-bit function perturbation is determined
by the capability of computing the matrix inverse.

7. Conclusion

In this article, we have reviewed the fundamental
aspects of stationary and structural intervention in
Markovian gene regulatory networks, in particular,
probablistic Boolean networks. As noted at the outset,
various issues regarding regulatory intervention have
been addressed in a number of papers. Many challen-
ging issues need to be addressed before mathematically
derived intervention strategies become a therapeutic
reality. Three major areas of concern are model
inference, computational complexity and
implementation.

Here we have assumed the model, in this case, the
PBN, or at least its associated Markov chain, is
known. Although various approaches have been taken
for model inference, these remain problematic owing to
the lack of appropriate time-course data to infer the
regulatory rules and probabilistic structure of a PBN,
or even the state-to-state transition probabilities. Not
only does satisfactory inference of a PBN require a
large amount of data (Marshall, Yu, Xiao, and
Dougherty 2007), but current technology is incapable
of obtaining the necessary time-course measurements.
This has resulted in methods that infer PBNs from
steady-state data, a severely ill-posed inverse problem,
under the assumption that a single, or family of,
inferred networks will facilitate derivation of an
intervention strategy that is beneficial for the actual
network, say via a robust control policy (Pal, Datta,
and Dougherty 2008, 2009).

Regarding complexity, the computational burden
of dynamic programming severely limits the size of the
networks considered, as well as any effort to use finer
quantisation (Akutsu, Hayashida, Ching, and Ng
2007). Full-model optimisation has been limited to
10 genes using binary quantisation. A number of
approaches have been considered that in one way or
another approximate explicit, full optimisation.
These include a linear optimisation model to reduce
computational complexity (Ng, Zhang, Ching, and
Akutsu 2006), control when the states are not

observable, thereby resulting in imperfect information
for state feedback (Datta, Choudhary, Bittner, and
Dougherty 2004), design of the control policy on an
instantaneously random PBN obtained from a context-
sensitive PBN via state reduction (Pal et al. 2005;
Faryabi et al. 2009), and approximate policies designed
via reinforcement learning (Faryabi, Datta, and
Dougherty 2007). A promising approach to reduce
both computational complexity and data requirements
for inference is to forego the full model and use a
greedy procedure only dependent on certain network
statistics, for instance, mean first passage times
(Vahedi, Faryabi, Chamberland, Datta, and
Dougherty 2008). If one should have the full model,
with too many genes for full optimizsation, one can
reduce the size of the network (state space) by
eliminating genes or states (Ivanov and Dougherty
2004; Ivanov, Pal, and Dougherty 2007). Active
research involves linking this reduction to the control
objectives (Ghafarri, Ivanov, and Dougherty 2008;
Qian and Dougherty 2009).

Lastly, let us note that there are practical issues
related to implementation. One must have some
method to control the expression of a gene (or genes)
to implement the desired intervention strategy. For
instance, one might block a gene product. Such
intervention will not mirror the simple modelling
assumption that a gene’s expression can be precisely
controlled, either in amount or duration, as assumed in
the derivation of stationary policies herein, nor will it
necessarily be the case that the effects of a drug will be
limited to the control gene. Modelling these practical
complexities significantly increases the mathematical
difficulties involved in obtaining intervention strate-
gies, but they must be treated. Two directions in which
practical therapeutic issues have been addressed is with
regard to constraining the intervention so as to limit
the expected number of interventions (Ching, et al.
2009; Faryabi, Vahedi, Chamberland, Datta, and
Dougherty 2008) or to require a recovery period
following intervention (Vahedi, Faryabi,
Chamberland, Datta, and Dougherty 2009), and to
treat intervention in asynchronous gene regulatory
networks (Faryabi, Chamberland, Vahedi, Datta and
Dougherty 2008).

Ultimately, the successful application of mathe-
matical network intervention strategies depends upon
the investigative procedure utilised for translational
science (Dougherty 2009). The mathematical analysis
must try to get as close as possible to the physical
processes and therapeutic methods and, just as
importantly, experiments need to be guided by our
mathematical understanding of dynamical systems and
their control. If data are not gathered in a way that can
be used to infer useful models or if models are not
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developed with an eye towards potential experimental
protocols, then the full potential for translational
science will not be achieved.
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