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Abstract—The errors originating in the data extraction process,
gene selection and network inference prevent the transition
probabilities of a gene regulatory network from being accurately
estimated. Thus, it is important to study the effect of modeling
errors on the final outcome of an intervention strategy and to
design robust intervention strategies. Two major approaches
applied to the design of robust policies in general are the minimax
(worst case) approach and the Bayesian approach. The minimax
control approach is typically conservative because it gives too
much importance to the scenarios which hardly occur in practice.
Consequently, in this paper, we formulate the Bayesian approach
for the control of gene regulatory networks. We characterize the
errors emanating from the data extraction and inference processes
and compare the performance of the minimax and Bayesian
designs based on these uncertainties.

Index Terms—Bayesian robustness, gene regulatory networks,
intervention, parameter estimation, robust control.

I. INTRODUCTION

S INCE systems biology is focused on understanding the
detailed molecular interactions that contribute to cell func-

tioning, a genetic regulatory network designed for facilitating
such an understanding should mimic the actual biological
interactions in as much detail as possible, at least to the extent
that it is justified by the available data. On the other hand, in
translational genomics the focus is on developing therapeutic
interventions and a network used for this purpose can be a
coarse representation of the biological phenomena occurring
at the molecular level as long as it has the capability to suf-
ficiently capture the effects of intervention manifested at the
phenotypic (observational) level. Such a coarse model can
be used to develop and evaluate suitable (control) strategies
for therapeutic intervention. Coarsely quantized Probabilistic
Boolean Networks (PBNs) have been used in recent years to
carry out such intervention studies [1]–[3].
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Fig. 1. Basic Steps involved in Modeling and Control of Genetic Networks:
(A)Extraction of gene expression data �� � Discretization of the Data; (B) Se-
lection of genes to build the network; (C) Network Generation from the available
data and prior biological knowledge; and (D) Intervention in the network with
the objective of moving the network from undesirable to desirable states.

A broad overview of the steps involved in the modeling and
control of genetic networks is shown in Fig. 1. The first step
consists of data extraction, which basically involves signal ac-
quisition, the signals in this case being the expression levels of
various genes of interest. The next step, denoted by , involves
the discretization of these gene expression levels. This step is
not required when using a continuous model such as a differen-
tial equation model. On the other hand, this step is crucial for
discrete models such as Boolean Networks (BNs) [4], Proba-
bilistic Boolean Networks (PBNs) [5], and Bayesian Networks
[6], all of which have been proposed as models for genetic reg-
ulatory networks. The next step, denoted by , involves the se-
lection of a small set of genes to be used in constructing the
genetic regulatory network. This step is necessary for at least
two reasons: i) first, building a network of thousands of genes
would require an inordinately large amount of data for inference
purposes, not to mention the computational intractability of the
resulting network; and ii) second, while modeling a particular
biological pathway only a few genes may be playing an impor-
tant role. Having selected the genes, the next step is the actual
construction of the network, and a number of approaches can be
used for construction [1].

From Fig. 1, it is clear that errors made during data extrac-
tion, discretization, gene selection and network generation will
all propagate downstream and impact the actual success of the
designed intervention strategy. Indeed, if the designed interven-
tion approach is to have any hope of succeeding in practice, its
outcome must possess some degree of robustness, or insensi-
tivity, to the errors that will invariably propagate down to the
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intervention design stage from steps further upstream. Studying
the effects on intervention outcome of the errors propagating
from the different upstream steps is an important open problem
in translational genomics. In this paper, we will assume that the
noise during data extraction and discretization manifests itself
as uncertainties in the transition probability matrix.

To date, a number of approaches have been proposed in the
literature for carrying out interventions in Probabilistic Boolean
networks [7], [2], [3], [8], [9]. Of these, the one proposed in
[3] is particularly relevant for translational genomics since it
seeks to shift the steady-state mass of the PBN from unde-
sirable states to desirable ones. Since it has been conjectured
that the steady-state behaviour of a PBN is indicative of the
phenotype [4], it is likely that alterations in the steady-state
behaviour of the PBN would translate into changes at the phe-
notypic level. In the design methods just cited, including [3],
the intervention policy is derived under the assumption that
the transition probability matrix of the PBN is exactly known.
Since this assumption is not likely to be satisfied in practice,
one may wish to derive a policy taking into account uncertain-
ties in the model.

The minimax approach to robust policy design in the con-
text of PBNs has been explored in [10]. Minimax policies are
typically conservative because they are designed to achieve
the best worst-case performance. Some previous studies have
considered minimax control policies in the context of Markov
decision processes [11], [12]. More generally, the minimax ap-
proach to filter design has a long history in signal processing
[13]–[16]. A more recent approach to robust filtering achieves
robustness by taking into account the distribution of the un-
certainties [17], [18]. This results in a Bayesian design where
the optimal filter depends on the uncertainty distribution. This
approach avoids the detrimental effects of extreme, but rare,
states on minimax design, the goal being to produce the best
average performance across the uncertainty distribution. The
Bayesian methodology has been applied to the design of classi-
fiers in the face of uncertainty, a common problem in gene-ex-
pression-based classification [19]. In this paper, we take the
Bayesian approach to design robust control policies for PBNs
and compare the results to minimax design and to a global de-
sign procedure [17], [19] based on the mean of the uncertainty
distribution.

The paper is organized as follows. Section II provides
an overview of Probabilistic Boolean Networks. Section III
characterizes possible errors from the data extraction process
and inference of PBN. In Section IV, we discuss robust inter-
vention designs to satisfy various robustness criteria. Section V
uses simulations to carry out a comparative study of the dif-
ferent robust design strategies proposed. Finally, Section VI
contains some concluding remarks.

II. PROBABILISTIC BOOLEAN NETWORKS

A Boolean Network (BN) on genes is de-
fined by a set of nodes/genes

, and a list , of Boolean func-
tions, . Each node

represents the expression of the gene , where
means that gene is OFF and means that gene
is ON. The function is called the predictor function for
gene . Updating the states of all genes in is done synchro-
nously at every time step according to their predictor func-
tions. A Probabilistic Boolean Network (PBN) consists of a
set of nodes/genes

, and a set of vector-valued network functions,
, governing the state transitions of the genes, each

network function being of the form ,
where . The
choice of which network function to apply is governed by a
selection procedure. Specifically, at each time point a random
decision is made as to whether to switch the network function
for the next transition, with the probability of a switch being
a system parameter. If a decision is made to switch the network
function, then a function is chosen from among ,
with the probability of choosing being the selection prob-
ability . In other words, each function determines a con-
stituent network, or context, and the PBN behaves as a fixed
constituent network until a random decision (with probability
) is made to change the network function according to the

probabilities from among . Note that
a decision to switch does not necessarily mean that a different
network function is selected, since, if the current network func-
tion is , then with probability the same function may be
selected. If , the PBN is said to be context-sensitive; if

, a network function is randomly selected at every time
point and the PBN is said to be instantaneously random. We
consider PBNs with perturbation, meaning that at each time
point there is a perturbation probability of any gene flipping
its value uniformly randomly. To date, PBNs have been applied
with or , the former producing constituent net-
works that are BNs and the latter modeling gene expression as
down-regulated (0), up-regulated (2), or invariant (1). Here we
confine ourselves to binary PBNs. This eases notation
without loss of generality regarding robustness theory.

Associated with a PBN is a Markov chain describing the tran-
sition probabilities. For a context-sensitive PBN, at any time
point the network state is described by a pair, , where
is the operative network function determining a context and
is the vector of gene expressions, called the gene activity profile
(GAP). In short, the states of the Markov chain corresponding
to a context-sensitive PBN are (context, GAP) pairs. For an in-
stantaneously random PBN, the chain states are just GAPs. We
focus on instantaneously random PBNs. This is consistent with
[3], eases the mathematical description, and fulfills the goal of
elucidating Bayesian robust design.

III. QUANTIFICATION OF POSSIBLE NETWORK ERRORS

In this section, we quantify the errors originating from the
data extraction and inference processes. Our objective is to ex-
amine how these errors propagate into the transition probabil-
ities for the resulting Markov chain. In other words, we wish
to represent the final Markov chain as a function of the noise
parameters.
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Fig. 2. Noise distributions.

A. Noise Quantification for Data Extraction

Gene-expression data are usually extracted from bulk scale
methods such as microrrays [20] or individual cell specific
methods employing fluorescent reporter levels [21]. These
approaches are dependent on the analysis of images such as
of microarray slide images, images of fluorescent cells, etc.
Removal of background noise or identifying the signal location
is usually the starting procedure. It can be approached by seg-
mentation algorithms using global or local thresholding. Our
interests lie in discrete networks and thus we are concerned with
the probability of discrete values being changed due to noise.
Hypothesis tests on the expression levels of housekeeping
genes or duplicate genes are often employed to calculate the
thresholds for discretization [20]. For the purpose of binariza-
tion, the assumption is that some genes will be expressed more
than other genes and the more expressed genes will be given
value 1 while the less expressed or unexpressed genes will be
given value 0. The demarcation in the ideal case will be by
a threshold above which there will be a cluster of expressed
genes and below which there will be a cluster of unexpressed
genes. Due to variability and errors in the extraction process,
there will, in fact, be overlapping clusters. Let us assume that
the data distribution after normalization is bimodal, consisting
of a zero mean Gaussian distribution with variance centered
around , signifying the unexpressed genes, and a zero mean
Gaussian distribution with variance centered around ,
signifying the expressed genes (Fig. 2). A heuristic for the prior
probabilities of the expressed and the unexpressed genes can
be obtained from the Boolean network parameter commonly
known as bias [22]. This bias is different from the biases
in the microarray. refers to the probability that a Boolean
function takes on the value 1. We will assume that is
the prior probability of the expressed genes and refers
to the prior for the unexpressed genes. The optimal threshold
for discretization based on Bayes’ rule is , where satisfies
the equation

(1)

The threshold can be calculated by solving the following
quadratic equation:

(2)

For , we get a simplified expression for :

(3)

Let be the probability of changing the value of a particular
gene due to noise ( referring to the shaded area in Fig. 2):

(4)

where erf refers to the error function, defined by
.

The calculation of the probability transition matrix in the
presence of noise is presented next. Suppose we have a proba-
bility transition matrix without noise, where denotes
the probability of going from state (GAP) to state (GAP) .
The states are represented in decimal form instead of the binary
forms of genes, i.e., to are represented as 0 to

assuming genes. The noise introduction characterized
by will change the probability transition matrix from to

. Let us denote the observed states corresponding to transi-
tion matrix as and the actual states corresponding to
as . Then (5) shown at the bottom of the next page relates

to , where represents the hamming distance between
and (number of bits different in the binary representation of
and ) and is the probability of observing

state when the actual state is due to noise characterized by
.
To represent (5) in a matrix form, we will introduce the fol-

lowing notations. Let represent the actual state probability
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distribution vector at time , i.e.,
. Let us define a matrix of

dimension as

(6)

where the individual terms of for
and are

(7)

We define a matrix of dimension as

(8)

The matrix of dimension is defined as
(9) shown at the bottom of the page, where the individual

terms of for and
are

With the help of the above definitions, (5) can be represented in
the matrix form as

(10)

Our objective is to infer the actual transition probability matrix
from the observed transition probability matrix . When

and exist, can be found from using the fol-
lowing equation:

(11)

(5)

(9)
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The existence of is guaranteed for non-zero state proba-
bilities and is given by

(12)

In case of instantaneously random PBNs with perturbations, we
will have non-zero steady state probabilities for each state.1

Let
denote the observed state probability distribution vector

at time . As
, the relationship between and is as fol-

lows:

(13)

The matrix equivalent of (13) is

(14)

The following theorem states the condition on for the exis-
tence of .

Theorem III.1: is non-singular for
Proof: We will prove by induction that is non-sin-

gular if is non-singular. For ,

has determinant which is nonzero for . Thus,
exists.

For can be written in terms of in the fol-
lowing manner

(15)

Let us define as

(16)

It is easy to see that . As is non-singular
due to the induction hypothesis, exists and has
finite values for .

For the simulations at the end of the paper, we will consider
the case that the state transition observations are conducted once
the network has reached a steady state. Thus, will approach
the steady state probability distribution vector and from now on-
wards, without any subscript will denote the actual steady state
probability distribution. At steady state, the time dependence of

1In the current formulation of the PBN with perturbation, all the transition
probabilities will be non-zero except possibly from state � to state �. Thus,
starting from any state probability distribution vector, there is a possibility that
in the next stage, one of the state probabilities is zero. But for � � �� � has all
non-zero entries in the current formulation.

and will be removed. Consequently, and
will refer to and , i.e., their steady

state values.
For a gene regulatory network, we observe the transition

probability matrix and the actual transition probability
matrix is calculated from using (11). Any random
transition probability matrix will not necessarily produce
a valid transition probability matrix using (11). We are
interested in knowing the constraints on and such that

is a valid transition probability tran-
sition matrix, i.e., all entries of are
non negative and the sum of each row is equal to 1.

For the purpose of simulations, let us assume that a valid tran-
sition probability matrix has been generated from a transition
probability matrix using the following equation

(17)

There are no constraints on other than being a valid tran-
sition probability matrix. Let denote the steady state proba-
bility distribution vector of the starting PBN and denote
the estimation of from observed transition probability matrix

assuming the noise probability to be . When , then
. Let denote the observed steady state probability

vector. The different ’s are related by the following equations:

(18)

(19)

For generated as in (17), the following theorem provides
a sufficient condition for to be a
valid transition probability matrix.

Theorem III.2: Let be a transition probability matrix of
dimension and . A suffi-
cient condition for to be a valid
transition probability matrix is .

Proof:
Since,

and

.
Thus where is the Identity matrix.

We next show that is a valid transition probability
matrix for .
From Theorem III.1, we have

and
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Thus [see the equation shown at the bottom of the page], for
, we have

which has all non negative entries for and each
row summing up to 1. By induction, also has all non
negative entries and the sum of each row equal to 1. We can
similarly show that is a valid transition probability
matrix.
Let denote the matrix . From the relationship
between the different steady state vectors ’s shown earlier, we
have

As ’s are symmetric, where
denotes the transpose. From this relationship, we can de-
duce that the sum of the th row for the matrix will
be equal to . Thus, will have each
row summing up to 1 as and

for . Furthermore, each of the entries
in the matrices are positive and hence their multiplication will
produce positive entries. Finally, as multiplication of prob-
ability transition matrices results in a probability transition
matrix,

is a valid transition probability matrix.

B. Uncertainty in the Network Selection Probabilities of a PBN

We consider an instantaneously random PBN consisting of
genes and composed of Boolean Networks with perturba-

tion probability and selection probabilities . We
will assume that we are able to accurately infer the perturba-
tion probability and the transitions of the constituent Boolean
Networks, but there are uncertainties in the network selection
probabilities ’s. The robustness analysis will be based on dif-
ferent distributions of ’s.

IV. ROBUST INTERVENTION

In this section, our goal is to discuss various forms of optimal
robust policies, minimax, Bayesian, and global, the main focus
being on Bayesian. We first briefly describe optimal infinite-
horizon intervention for the nominal case, i.e., in the absence
of uncertainty [3].

A. Nominal Case

As shown in [23] and [3], a PBN with control can be modeled
as a stationary discrete-time dynamic system

(20)

where, for all , the state is an element of a space , the con-
trol input is an element of a space , the disturbance ,
which captures the randomness due to different sources, is an
element of a space , and . In the partic-
ular case of PBNs on genes, and
the control input is constrained to take values in the space

, where is the number of bi-
nary control inputs. The disturbance is manifested in terms of
change of network due to latent variables or other external dis-
turbances. The random disturbances have iden-
tical statistics and are characterized by probabilities
defined on , where is the probability of occurrence
of , when the current state and control are and , respec-
tively. is independent of prior disturbances .

An equivalent way to represent the dynamical system (20)
is as a finite state Markov chain described by the control-de-
pendent one-step transition probability , where for any

and ,

(21)

In this paper, we will interchangeably use either representation
(20) or (21) depending on their suitability for a particular situa-
tion or a particular derivation.

We will consider a discounted cost infinite horizon approach
as in [3]. The transition probability matrix is dependent
on the parameter which is a function of the parameters

and as shown in (4) and (5). For the sim-
ulation examples to be provided later in this paper, some of
the parameters will follow a beta distribution which in turn
will produce a distribution of possible transition probability
matrices.

When the transition probabilities are exactly known, the
states make transitions according to . In this
case, once a control input is chosen, the resulting controlled
transition probability matrix is uniquely determined. Let

represent a generic control policy and
represent the set of all possible ’s, i.e., the set of all possible
control policies.

Let denote the expected total cost for the discounted
cost infinite-horizon problem under control policy and transi-
tions :

(22)
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where denotes the discount factor and
represents the cost of going from state to 2 under the
control action . is higher for undesirable destination states.
For the same destination states, is higher when the control is
active versus when it is not. The expectation is taken over the
disturbance which is characterized by the state transitions .

The nominal problem here corresponds to minimizing the
cost in (22). Consequently, the optimal infinite-horizon dis-
counted cost for the nominal problem is given by:

(23)

B. Robust Policies

Owing to uncertainties in the transition probability matrix,
there can be various possible transitions corresponding to any
given choice of control and, therefore, various ’s. In case
of uncertainties, we will parameterize the class of transitions
as , where is the noise parameter dis-
tribution. In Section III.A, refers to the joint distribution of

and . Similar to the robustness analysis of clas-
sifiers in [19], we will consider three different forms of robust
intervention in genetic networks.

A minimax intervention policy is defined as a policy whose
worst performance over the uncertainty class is best among all
admissible policies. The minimax robust policy, denoted mm,
is the one that satisfies

(24)

There is no guarantee that a minimax robust solution will exist
for all distributions. For some uncertainty classes, analytical so-
lutions are feasible. In [10], we have worked out the minimax
robust solution for three different uncertainty classes.

A Bayesian robust policy minimizes the average cost over the
uncertainty class . Let denote the policy designed to be op-
timal at point of the parameter distribution i.e., minimizes

. Here, refers to the probability transition matrix at
point .

Let denote the expected cost per state at point of the
parameter distribution for the intervention policy :

(25)

where the expectation over the states of the network is taken
to arrive at a single value for representing the cost of a policy.
Consequently, the expected cost of over the distribution

is given by

(26)

where denotes expectation relative to the parameter distri-
bution. A Bayesian control policy, denoted by , is one that
minimizes . The parameter value that achieves the
minimum is called a maximally robust parameter value and the
corresponding policy is called the Bayesian robust policy. If the

2Note that a Markov chain can be modeled by � � � [24]. Hence, the
destination state is the same as the disturbance.

actual parameter for the distribution is and one optimizes at ,
then there is no gain, and perhaps a loss, in using the Bayesian
robust policy because ; however, in the face
of uncertainty regarding the actual parameter, the gain in ap-
plying the Bayesian robust policy is ,
which is always nonnegative and can be substantial for param-
eter values far from the maximally robust one. We should note
that here, we are minimizing the expected cost over the set of
control policies that are optimal for various points in the dis-
tribution. A policy can exist that is not optimal for any point
in the distribution but with . We are
not aiming to find the policy as no analytical methods exist
for generation of such a policy and simulation in that case is
prohibitive due to the large number of possible policies. The
problem with a dynamic programming based value iteration ap-
proach for directly calculating either or is that the prin-
ciple of optimality is not valid for the current setting.

Rather than trying to design robust optimal policies at all pa-
rameter values and then select the maximally robust policy, we
can instead design a single global optimal policy by using a cen-
trality parameter, such as the mean or median, to represent the
mass of the uncertainty distribution. Here we will use the mean
of the distribution as the global parameter value for designing
the intervention strategy. The global policy, denoted by , is
the optimal policy for the global parameter value.

For the simulations, we will generate transition prob-
ability matrices corresponding to points

, on the parameter distribution. The Bayesian
policy is selected from one of the optimal policies for points

. To have a consistent comparison with the
Bayesian approach, the set of admissible policies for the
minimax policy will be .

V. PERFORMANCE COMPARISON

In this section, we compare the performances of robust
policy designs in the framework of errors emanating from
noise in the data extraction process and errors in the model
parameter estimation. We vary various parameters as described
in Section III-A and plot the following nine cost curves:

—Cost at parameter value
using the optimal policy designed at .

—Cost at parameter value
using the optimal policy designed at .

—Cost of the Bayesian robust
policy at parameter value .

—Cost of the global robust
policy at parameter value .

mm mm —Cost of the minimax ro-
bust policy at parameter value .

—Expected cost of the optimal policy designed
at across the parameter space.

—Expected cost of the Bayesian robust policy
across the parameter space.

—Expected cost of the global robust policy
across the parameter space.

mm —Expected cost of the minimax robust
policy across the parameter space.
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A. Noise in the Data Extraction Process

To compare different robust policies relative to data-ex-
traction noise, we derive an instantaneously random PBN
from gene expression data collected in a study of metastatic
melanoma [25]. In this study, the abundance of mRNA for the
gene WNT5A was found to be highly discriminating between
cells with properties typically associated with high versus low
metastatic competence. These findings were validated and
expanded in a second study in which experimentally increasing
the levels of the Wnt5a protein secreted by a melanoma cell line
via genetic engineering methods directly altered the metastatic
competence of that cell as measured by the standard in vitro
assays for metastasis [26]. Furthermore, it was found that an
intervention that blocked the Wnt5a protein from activating
its receptor, the use of an antibody that binds the Wnt5a pro-
tein, could substantially reduce Wnt5a’s ability to induce a
metastatic phenotype. This suggests a control strategy that
reduces the WNT5A gene’s action in affecting biological reg-
ulation, since the available data suggest that disruption of this
influence could reduce the chance of a melanoma metastasizing,
a desirable outcome. PBNs derived from the same expression
data have been used in [2], [27], [23], [3] for demonstrating
earlier intervention strategies.

We consider a seven-gene network containing the genes
WNT5A, pirin, S100P, RET1, MART1, HADHB, and
STC2. To obtain the PBN, we have used the algorithms
described in [28] to construct three probable Boolean net-
works to use as the constituent Boolean networks in the
PBN. The three BNs are provided in the companion web-
site http://cvial.ece.ttu.edu/ranadippal/robust/supplement.htm.
Each constituent network is assumed to be derived from
steady-state gene-expression data (a common assumption—see
[28]). The states are ordered as WNT5A, pirin, S100P, RET1,
MART1, HADHB, and STC2, with WNT5A as the most
significant bit (MSB) and STC2 as the least significant bit
(LSB). An instantaneously random PBN with perturbation
probability is constructed from the 3 BNs. Let
denote the steady state probability distribution vector for the
PBN . The observed PBN for the simulations is taken
to be . The distribution of the
possible networks is generated from the observed transition
probability matrix using (11). The in (11) incorporates
the uncertainties. As shown earlier, is dependent on noise
variances and , bimodal distribution center points
and , and bias . Thus, different sets of parameter values

, produce possible
PBNs generating the observed transition probability matrix .

The control problem formulation is similar to the one given
in [3]. The states 0 to 63 are assumed to be the desirable states
while the states 64 to 127 are assumed to be the undesirable
ones. The second gene is used as the control gene. The cost of
control is assumed to be 1 and the states are assigned penalties
as follows:

(27)

Fig. 3. Cost for policies designed at � over the set of all possible � ’s.

Fig. 4. Cost for various policies.

Since our objective is to down-regulate the WNT5A gene, a
higher penalty is assigned for destination states having WNT5a
up-regulated. Also for a given WNT5A status for the destination
state, a higher penalty is assigned when the control is active
versus when it is not. The discount factor for the following
simulations is taken to be 0.9.

1) Uncertainty in With Rest of the Parameters Constant:
We consider equal noise variances for the expressed and non-
expressed gene data, , and varies from 0 to
1.9 with following a beta distribution having parameters

and . The remaining parameters are fixed with
the following values: . Fig. 3 shows
the cost for the different points in the distribution when the
policy is designed at particular points in the distribution and
applied at . Figs. 4 and 5 show the costs and expected costs,
respectively, as functions of the parameter ranging from 0
to 1.9.

Fig. 3 shows that for a network with parameter value , the
cost is minimum when the policy designed at parameter value
is applied to it. The minimum for each is represented by black
dots in the figure. Fig. 3 also shows the cost for the Bayesian
(triangles), minimax (stars) and global (squares) robust policies.
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Fig. 5. Expected cost for various policies.

We notice that as the objective of the minimax policy is to mini-
mize the maximum cost, its selects the policy designed at
which has a lower maximum but has a higher average value. The
global robust policy is designed at the mean of the distribution

. The maximally robust param-
eter value is as denoted by the triangles in the figure.
The costs of the different policies (optimal, Bayesian, global and
minimax) when applied to networks with different ’s are fur-
ther plotted in 2 dimension in Fig. 4 for easier comparison. Note
that , with for

the maximally robust parameter value.
Fig. 4 shows that the cost for the Bayesian policy is much

less than the cost for the minimax Policy for higher ’s but
for smaller , the minimax is performing better. But as the
difference between the minimax and the Bayesian policy costs
are more for higher ’s compared to the lower ’s, the ex-
pected cost for the Bayesian Policy is much less than the ex-
pected cost for the minimax policy as shown in Fig. 5. The ex-
pected cost curve, , minimizes at the maximally ro-
bust parameter value . Except for that value, there is a
gain, , from using the Bayesian robust
policy and this gain can be significant, especially for smaller .
The expected cost, , using Bayesian robust policy
is less than that of using either the global or minimax robust
policies, these being given by and mm ,
respectively.

To elucidate the conservativeness of the minimax policy,
another simulation was conducted with the parameter
following a distribution with and . This set
of parameters for the beta distribution produces low probability
for lower ’s and most of the probability mass is concentrated
near . The cost for the different points in the distri-
bution when the policy is designed at particular points
in the distribution is shown in Fig. 6. The expected cost
curves are plotted in Fig. 7. When compared to the previous
case shown in Figs. 5, 7 shows that the expected cost for
the minimax policy has not changed much but the expected
cost for the Bayesian Policy has decreased by around 25%.
The difference in the expected cost for the minimax and the
Bayesian Policy has increased from to

Fig. 6. Cost for policies designed at � over the set of all possible � ’s.

Fig. 7. Expected cost for various policies.

Fig. 8. Cost for policies designed at � over the set of all possible � ’s.

. This highlights the case that minimax
policies give equal importance to cases with low probabilities
of occurrence (here low ’s) and therefore produce an overly
conservative policy, as shown in Fig. 7.

2) Uncertainty in With Other Parameters Constant: We
vary from 0 to 1 uniformly. The other parameters are fixed
at and . Fig. 8 shows the cost
for the different points in the distribution when the policy
is designed at particular points in the distribution . Figs. 9

Authorized licensed use limited to: Texas Tech University. Downloaded on August 14, 2009 at 13:27 from IEEE Xplore.  Restrictions apply. 



3676 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 57, NO. 9, SEPTEMBER 2009

Fig. 9. Cost for various policies.

Fig. 10. Expected cost for various policies.

and 10 correspond to Figs. 4 and 5, respectively, and analogous
observations apply. For instance, the Bayesian robust policy per-
forms much better than the minimax policy, which again suffers
from extreme cases in the distribution with minimal probability.
The maximally robust parameter value is and the
global robust policy is designed at the mean of the distribution,
which is equal to 0.5.

From Fig. 8, we notice that the shape of the curve to be vastly
different from Fig. 3. The reason is that here increases in the
range to while it decreases for
to , attaining a maximum at , whereas in the
previous case, it is a monotonically increasing function for ,
attaining the maximum at the end point .

3) Uncertainty in With Other Parameters Constant: We
vary from to 0.75 with following a
beta distribution with and . The other parameters
are and . The cost curves are
shown in Figs. 11, 12 and 13. As shown in Fig. 13, the expected
cost is minimum for the Bayesian policy followed by the global
policy, and both outperform the minimax policy. The maximally

Fig. 11. Cost for policies designed at � over the set of all possible � ’s.

Fig. 12. Cost for various policies.

Fig. 13. Expected cost for various policies.

robust parameter value is , which is different from the
mean of the distribution, which is 0.5.

B. Uncertainty in the Switching Probabilities of a PBN

To avoid the complication of multiple switching probabil-
ities and thereby better graphically illustrate robustness rela-
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Fig. 14. Cost for policies designed at � over the set of all possible � ’s.

tive to switching probabilities, we consider an artificial example
of an instantaneously random PBN consisting of 2 constituent
Boolean networks of 4 genes each. The transition diagrams of
the BNs are provided in the companion website. We vary
following a beta distribution having parameters and

. The selection probability of the other network is
calculated from the equation . The parameter is
fixed at . The control problem for the Markov Chain with
dimension 16 16 is formulated with cost of control being 0.2
and the states assigned penalties as follows:

(28)

The penalty structure indicates that the highly desirable states
have the 1st gene down-regulated (0) while the undesirable
states have the first gene up-regulated (1). The discount factor

is taken to be 0.9.
The cost curves are shown in Figs. 14, 15 and 16. Fig. 15

shows that the cost for low values of is lower with the min-
imax policy compared to the Bayesian and global policies but
the performance of the minimax policy deteriorates for higher
values of . Based on the current parameters of the Beta dis-
tribution, the probability of occurrence of low values of is
much less than that of high values of . This curve indicates
that the minimax design gives equal importance to all cases
irrespective of their probability of occurrence. With regard to
expected cost, the minimax policy performs much worse than
the Bayesian or global robust policies, as shown in Fig. 16.
The maximally robust parameter value is and the
globally robust parameter value is the mean of the distribution

.

VI. CONCLUSION

For an intervention policy to work in practice, it has to be ro-
bust. As demonstrated by the simulation examples in this paper,
the various forms of robustness discussed here have their advan-
tages and disadvantages. Minimax policies are typically con-
servative and give too much weight to parameter values that
may rarely occur in practice. In that respect, the Bayesian robust
policy design is suitable as it gives better expected performance.
Global policy design is advisable when we want to take account
of the parameter distribution but only have limited knowledge

Fig. 15. Cost for various policies.

Fig. 16. Expected cost for various policies.

of it, say, an estimate of the mean or median. Based on the appli-
cation, an appropriate design strategy should be selected. As a
general rule, for avoiding extremely undesirable results, a min-
imax design is recommended. On the other hand, when our ob-
jective is to improve the expected chance of success, a Bayesian
robust policy is to be preferred.
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