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Characterizing the Effect of Coarse-Scale PBN
Modeling on Dynamics and Intervention Performance

of Genetic Regulatory Networks Represented by
Stochastic Master Equation Models

Ranadip Pal, Member, IEEE, and Sonal Bhattacharya

Abstract—Fine-scale models based on stochastic master equa-
tions can provide the most detailed description of the dynamics of
gene expression and imbed, in principle, all the information about
the biochemical reactions involved in gene interactions. However,
there is limited time-series experimental data available for infer-
ence of such fine-scale models. Furthermore, the computational
complexity involved in the design of optimal intervention strate-
gies to favorably effect system dynamics for such detailed models
is enormous. Thus, there is a need to design mappings from fine-
scale models to coarse-scale models while maintaining sufficient
structure for the problem at hand and to study the effect of inter-
vention policies designed using coarse-scale models when applied
to fine-scale models. In this paper, we propose a mapping from a
fine-scale model represented by a stochastic master equation to a
coarse-scale model represented by a probabilistic Boolean network
that maintains the collapsed steady state probability distribution
of the detailed model. We also derive bounds on the performance
of the intervention strategy designed using the coarse-scale model
when applied to the fine-scale model.

Index Terms—Markov chain models, probabilistic Boolean net-
works, relationships between genetic regulatory network models,
stochastic master equations.

I. INTRODUCTION

T HE sequencing of various genomes and technological
advances in gene expression measurement over the last

decade has provided tremendous opportunities for mathemat-
ical modeling of gene regulatory networks. There are two major
objectives for modeling of genetic regulatory networks: first, to
better understand the intergene interactions and relationships
on a systems-level, thereby facilitating the diagnosis of disease;
and second, to design and analyze therapeutic intervention
strategies for shifting the state of a diseased network from an
undesirable one to a desirable one. The first objective falls
within the scope of the field known as systems biology, while
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the second objective falls within the scope of the field known
as systems medicine. This paper deals with an issue arising in
systems medicine.

The selection of a mathematical model to describe the dy-
namical behavior of a genetic regulatory network is dependent
on the available data, estimation techniques, model complexity
and specific purpose of constructing the model. From a sys-
tems biology point of view, the mathematical model must nec-
essarily mimic the actual molecular biological interactions in
as much detail as possible. A stochastic master equation model
[1]–[3] can provide such detailed description of the dynamics
of gene expression. However, the estimation of the parameters
of the fine scale model requires larger data sets and preferably
time series data. Furthermore, cell specific measurements in-
stead of tissue averaged measurements are preferable for the
inference of fine scale stochastic models. In the event of ac-
curate inference of the parameters of the detailed model, the
design of optimal intervention strategies for such a model pos-
sess a huge computational problem. From a systems medicine
point of view, the network used for the purpose of design of in-
tervention strategies can be a coarse representation of the bi-
ological phenomena occurring at the molecular level as long
as it has the capability to faithfully capture the overall effects
of intervention that are manifested at the phenotypic (obser-
vational) level. For intervention purposes, the effectiveness of
drugs can usually be characterized by observing the expres-
sion levels of oncogenes, tumor suppressor genes and molecular
markers of tumor progression represented by few discrete levels
(mostly binary, ternary or quaternary). In one of our prior case
studies [4], [5], we were able to approximate our goal of inter-
vention by the coarse-scale objective of minimizing the steady-
state probability of mRNA molecules of a specific molecular
marker of tumor progression (WNT5A) being higher than some
threshold. In this context, an intervention approach designed
from a coarse-scale model and producing the desired behavior
in the coarse-scale model will be reasonable if the designed
policy when applied to the fine scale model also produces sim-
ilar coarse-scale behavior.

The basic systems approach to cancer therapy can be de-
scribed as a series of steps shown in Fig. 1. Intervention in ge-
netic regulatory networks has been mainly studied to date using
the coarse-scale probabilistic Boolean network model [6]. In
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Fig. 1. Basic steps involved in modeling and control of genetic networks: A: Bi-
ological Experiments conducted to extract gene or protein expression data. �A �
Discretization of the data (not required for continuous models). B: Selection of a
small set of genes relevant to the pathway of interest. C: Generation of the net-
work from the available data and prior biological knowledge. D: Intervention
in the network with the objective of moving the network from undesirable to
desirable states. E: Validation of the predictions arising from network analysis,
validation of the intervention approach and closing the loop.

this paper, we will present a reduction mapping from a detailed
model represented by a stochastic master equation (SME) to a
coarse-scale model represented by a probabilistic Boolean net-
work (PBN) while maintaining the collapsed steady state prob-
ability distribution. We will also derive bounds on the effect
of the control policy designed using the PBN when applied
to the detailed model. The objective is to study the conditions
under which the desired control behavior can be attained in the
fine-scale model by application of a control policy designed
using coarse-scale models. We are assuming that the actual ge-
netic regulatory network can be represented by a fine-scale sto-
chastic master equation model but we are only able to infer
a coarse-scale model due to limitations on experimental data.
Our goal is to study the dynamic properties maintained by the
coarse-scale model as compared to the fine scale model and the
actual performance of the control strategy designed using the
coarse-scale model.

Fine-scale models based on stochastic master equations can
provide the most detailed description of the dynamics of gene
expression and imbed, in principle, all the information about
the biochemical reactions involved in gene interactions. How-
ever, the use of fine-scale stochastic models is restricted by pa-
rameter inference problems due to inadequate time series data
and technological limitations on cell specific measurements and
the inherent computational complexity involved in its simula-
tion [7]. Furthermore, the computational complexity involved
in the design of optimal intervention strategies to favorably ef-
fect system dynamics for such detailed models is enormous. For
instance, if we consider the standard dynamic programming ap-
proach to calculate the optimal control policy for a discrete time
stochastic master equation model with genes and possible
mRNA/protein molecules for each gene and binary control
options, then each step of the Bellman recursion will involve a
complexity of [8]. The complexity is enormous as is

evident if we consider control input, maximum
mRNA/Protein molecules generated per gene and 5 genes,
then 204.8 million. If we use a reduced
PBN model with , then the complexity becomes a man-
ageable calculations at each stage of the Bellman
recursion.

The paper is organized as follows. We provide a brief de-
scription of the SME and the PBN model in Section II. Review
and mathematical description of intervention are provided in
Section III. The reduction mapping is presented in Section IV.
We derived bounds on the control performance on Section V.
Section VI contains simulation examples. Conclusions are pro-
vided in Section VII.

II. REVIEW OF GENETIC REGULATORY NETWORK MODELS

A. Stochastic Master Equation Models

Given a set of genes/proteins, the evolution of their ex-
pression levels constitutes a dynamical system over time. A
large number of approaches have been proposed to model the
behavior of genetic regulatory networks, both deterministic
and stochastic [7], [9], [10]. Nonlinear ordinary differential
equations have been used in modeling molecular interactions
[11]–[14]. Equations of the form of
are employed where and are production and degradation
constants respectively and is a regulation function dependent
on other genes. Discrete abstractions of differential equations
in the form of piecewise linear differential equations have also
been proposed as models for gene regulatory networks [15],
[16]. Differential equation (DE) models assume that species
concentration vary continuously and deterministically which
is questionable in case of gene regulation [17]–[22]. Thus,
stochastic and discrete fine-scale models commonly known as
SME models have been proposed for modeling genetic regula-
tory networks [1]–[3]. To explain the SME models for genetic
regulatory networks, let us consider a system with molecular
species and different reaction channels where the state of the
system is defined by , is a vector
of integers representing a specific population of each of the

molecular species. For such a system, given the probability
density vector at time , the probability that the system
will be in the state at time is given by

(1)

where denotes the probability that the reaction will
happen in a time step of length and is the stoichiometric
transition vector. From (1), the differential equation known as
the chemical master equation (CME) [3] can be derived:

(2)
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By considering all the reactions beginning or ending at state
, the time derivative of the probability density of state can

be written in vector form as [23]

(3)

As is finite, the number of different possible vectors for
is countable. Thus, we can map all the possible ’s to
a sequence of elements in . Let us represent that
enumeration as and rewrite (3) as

(4)

where is the complete prob-
ability density state vector at time and is the state reaction
matrix. The matrix has the following properties : it is indepen-
dent of , all of its diagonal elements are nonpositive, and all of
its off-diagonal elements are non-negative and all the rows sum
to exactly zero. For the case of finite number of reachable states,
the solution can be computed as [23].

B. Probabilistic Boolean Network Models

Discrete models with synchronous timing have been used
since the late 1960s in the form of the Boolean network
model [24]. In this model, gene expression is quantized to
two levels: ON and OFF denoted by 1 and 0, respectively.
The expression level (state) of a gene is functionally related
via a logical rule to the expression states of other genes.
Specifically, a Boolean network (BN) is composed of a set

consisting of binary variables, each
denoting a gene expression, and a set of
regulatory functions, such that for discrete time, ,

. At any time point, the state of
the network is given by an expression vector ,
called the gene activity profile (GAP). In the Boolean model,
the assumption of a single transition rule for each gene can be
problematic with respect to inference. The data are typically
noisy, the number of samples is small relative to the number of
parameters to be estimated, inputs to the system are typically
not controlled and there is fundamental stochasticity of the
genes in their mechanisms of action. Thus, one may observe
various possible transitions from a given state. A salient in-
stance is that unobserved (latent) variables external to the model
network result in the network structure taking on various real-
izations. Owing to these considerations, a stochastic rule-based
regulatory model, the PBN was proposed [25]. A PBN is com-
posed of a collection of finite-state-space
networks having a small probability of perturbation and
a transition probability between the networks denoted by .
The probabilistic structure of the PBN can be modeled as a
Markov chain. Relative to their Markovian structure, PBNs are
related to Bayesian networks [26]; specifically, the transition
probability structure of a PBN can be represented as a dynamic
Bayesian network and every dynamic Bayesian network can
be represented as a PBN (actually, a class of PBNs) [27]. The
rule-based structure of PBNs mirrors the functional transcrip-

tional regulation in cells and their stochastic structure allows
them to reflect uncertainty, both in the data and model selection.
In this paper, we will be concerned with the Markov Chain
associated with the PBN.

III. REVIEW OF INTERVENTION USING

GENETIC REGULATORY NETWORKS

A key objective of modeling genetic regulatory networks is
to use them to design protocols for affecting network dynamics.
To date, intervention studies have focused largely on BNs and
PBNs. Recently, some approaches on intervention in genetic
regulatory networks using ordinary differential models or sto-
chastic differential equation models have been proposed but the
intervention has been designed for a simplified model of very
few genes [28]. We next provide a brief description of the sev-
eral intervention approaches that have been designed to date for
PBNs.

The motivation behind application of control theory is to de-
vise optimal policies for manipulating control variables that af-
fect the transition probabilities of the network and can, there-
fore, be used to desirably affect its dynamic evolution. This
method depends on the Markov chain induced by the PBN and
therefore is extendable to other dynamical systems based on
graphical models, such as dynamic Bayesian networks. In prac-
tice, intervention will be achieved by a) targeted small mole-
cule kinase inhibitors (Imatinib, Gefitinib, Erlotinib, Sunitinib,
etc. [29]), b) Monoclonal antibodies altering the protein concen-
trations (Cetuximab, Alemtuzumab, Trastuzumab, etc. [29]), or
c) gene knockdowns [30]. The state desirability is determined
by the values of genes/proteins associated with phenotypes of
interest. The initial approach consisted of favorably altering the
mean first passage times (MFPTs), increasing MFPTs to unde-
sirable states and decreasing MFPTs to desirable states, in the
Markov chain associated with a PBN via a one-time perturbation
of the expression of a control gene [31]. Shortly thereafter, sto-
chastic control theory was used to alter the transient dynamics
over a finite time horizon [32]. Subsequently, infinite-horizon
control, with the goal of favorably altering the steady-state dis-
tribution of the network via a stationary control policy [4] was
considered. To explain infinite-horizon intervention in PBNs,
we next provide a brief mathematical description of the con-
trol problem. A PBN with control can be modeled as a finite
state Markov chain [4], [33] described by the control-depen-
dent one-step transition probability

where, for all , the state is an element of a space
and the control input is an element of a space . The

states make transitions according to . In this
case, once a control input is chosen, the resulting controlled
transition probability matrix is uniquely determined. Let

represent a generic control policy and repre-
sent the set of all possible ’s, i.e., the set of all possible con-
trol policies. Let denote the expected total cost for the dis-
counted cost infinite-horizon problem [4] under control policy

and transitions :

(5)
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where denotes the discount factor and
represents the cost of going from state to under the con-
trol action . is higher for undesirable destination states. For
the same destination states, is higher when the control is active
versus when it is not. In the general formulation, the inclusion
of the discount factor in the cost captures the fact that costs
incurred at a later time are less significant. In the case of cancer
treatment, it signifies that the condition of the patient in the ini-
tial stages of treatment is more important than the condition at a
later stage, or in other words, the reward for improving the con-
dition of the patient in the present is more significant than the
reward obtained from similar improvement at a later stage. This
approach is reasonable if we keep in mind the expected life span
of the patient.

The control problem here corresponds to minimizing the cost
in (5). Consequently, the optimal infinite-horizon discounted
cost is given by

(6)

We are mainly interested in infinite-horizon control because
such policies allow us to optimally alter the steady-state distri-
bution of the network by driving its probability mass into de-
sirable states. In [4], we utilized a stationary control policy to
shift the steady-state distribution for a PBN derived from gene
expression data collected in a metastatic melanoma study.

IV. REDUCTION MAPPING AND ASSOCIATED

TRANSITION PROBABILITIES

If we consider the number of possible ’s to be finite, then
the exact solution to the CME can be obtained through the expo-
nential equation . This kind of situation
can arise in biological systems where the number of mRNA/Pro-
tein molecules that can be generated are bounded. If for sys-
tems, the dimension of is infinite, we can apply the finite
state projection approach [23] to arrive at a finite truncation of
the state space. Henceforth, we will consider a CME with finite
number of states and our purpose is to transform that model
to a smaller scale PBN model while maintaining some charac-
teristics of the CME model. As the steady state distribution of
the genetic regulatory network is considered representative of
the phenotype, our objective will be to maintain the steady state
distribution. The finite state continuous time CME model can
be approximated by a discrete-time sampled Markov chain by
using a suitable time period . The state transition
probabilities of the discrete-time Markov chain denoted by
is given by the equation . We will map these tran-
sition probabilities to a transition probability matrix of
a PBN denoted by where will be for binary levels and

for the case of ternary levels. We will consider binary PBNs
from now onwards but the derivation for more than two levels
will be similar. Let for denote the thresh-
olds for binarization. For instance, if ,
then the corresponding state for the PBN is
where if or if for all

. As the states of the PBN will be -dimensional

vectors ranging from to , we can represent them
by the decimal equivalent state where ranges from 1 to .
Let us consider a sequence such that

for denote the number of states
in the CME model that map to state in the PBN model. The
states of the CME model will be denoted by ranging from 1
to . The states will be re-ordered such that the states
to state of the CME will be mapped to state of the PBN
for . Note that the subscript refers to the higher
dimensional discrete time CME model whereas the subscript
refers to the lower dimensional PBN model.

Let the state of the PBN at time be and the state at
time be . The transition probability of going from
state to state is given by [34]

(7)

We next show that if we use the steady state probabilities of
the CME model for in (7), then the steady state
probabilities of the resultant PBN, , will be the same as the
collapsed steady state probabilities of the CME model. Here
collapsing refers to the summation of the state probabilities of
the detailed model that map to a certain state of the PBN model.
For instance, if represents the dimensional steady state
probability vector for the CME model, then the collapsed steady
state vector will be a dimensional vector represented by
where for . We next prove
the equivalence of and the steady state probabilities of the PBN
represented by the following state transition probabilities:

(8)
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Theorem IV.1: With (8) denoting the transition probabilities
of the PBN, the steady state probability distribution vector, ,
of the PBN is given by

(9)

for .
Proof: Assuming an ergodic Markov Chain, is the

steady state distribution of the PBN if it satisfies the equation
for each .

Since is the steady state distribution for the CME
model , it satisfies . Thus

from eq . (8)

(10)

This shows that satisfies the steady state probability equations
of the PBN and is equal to assuming an ergodic Markov Chain.

We have established that if the transition probabilities of the
PBN are decided based on (8), then the steady state proba-
bilities of the generated PBN is same as the collapsed steady
state probabilities of the original detailed network. Thus, we are
able to maintain the collapsed steady-state probabilities which
might be indicative of a phenotype. If we revisit (8), we no-
tice that can be calculated from the transitions of the
network once it has reached the steady state. If we observe the
steady-state transitions of the genetic regulatory network mod-
eled by the CME for a long time and generate the state-transition
probabilities of the PBN based on the number of transi-
tions occurring from state to state divided by the total number
of transitions from state , we will arrive at (8). Thus, the map-
ping described by (8) exists between a network represented by a
CME model and a coarse-scale PBN model when the transition
probabilities of the PBN are inferred based on state transition
data at steady-state.

V. EFFECT ON INTERVENTION PERFORMANCE

Let us consider the case that we have two control actions at
each time step and and represent the stochastic master
equation (chemical master equation) models corresponding to
the two control actions. In practice, might represent the
model of the network with no drug delivery and represent
the model of the network following a drug delivery. Let, and

represent the transition probability matrices of the PBNs
generated from models and respectively using (8).

Since, we will design the control policy based on the reduced
model, our control design will be based on and . Let the
goal of our control action be to alter the steady state probability
distribution of the network and we design a stationary control
policy using dynamic programming approaches based on
and by minimizing (6). A stationary control policy for the
case of two control actions for the PBN will be a binary vector
of length where 0 at location denotes no control action when
at state (the model of the network for state will then be based
on ) whereas a 1 at location denotes control action when at
state (the model of the network for state will then be based
on ). To illustrate it further, let us consider a simple example
where ,

and stationary control policy . Let denote the
controlled PBN transition probability matrix for a specific
stationary control policy. Thus, for the stationary control policy
of , will have its first row from and second row
from i.e.,

Thus, we will represent the designed controlled model as
where represent the identity

matrix of size and is a matrix with all entries
zero except the diagonal entries corresponding to no control ac-
tion equal to 1. For the example earlier,

When a control policy designed using the PBN is applied to
the fine-scale stochastic network model, the control policy cor-
responding to states of the stochastic master
equation model will be the same as the control policy for state

of the PBN. Thus, the controlled fine scale model will be
where is a ma-

trix of all zeros except the states that map to PBN states with
no control action, equal to 1. For the example before, if we con-
sider and the states 1 and 2 of the fine-scale model map
to state 1 of the PBN, then

Let represent the size transition probability ma-
trix of the PBN generated from according to (8). Let
and represent the steady-state probability distribution vec-
tors for and respectively. Let be the length steady
state probability distribution vector of and be the length

collapsed steady state probability distribution vector of .
Due to Theorem IV.1, is equal to .

Our control objective is to alter the steady state probabili-
ties of the network which in our control design is represented
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by . When the designed control policy is applied to the ac-
tual network represented by the fine-scale model, the resulting
coarse-scale steady state probability vector is . We would like
to study the conditions for to be close to so that our control
designed on a reduced network when applied to the fine-scale
network will have similar coarse-scale performance.

Let
if
if .

Then,

(11)

and

(12)

Let and
.

Let us represent and for
as summation of two terms with the first

one independent of and dependent on and and the second
term dependent on and .

Let denote the maximum of and
i.e., and

. The value of can be calculated
as (13), shown at the bottom of the page.

The following theorem bounds the difference between the
transition probabilities of and in terms of .

Theorem V.1: for
.

Proof: See (14)–(16), shown at the bottom of the next page.

A low value of signifies that the probabilities of leaving the
state from the states mapping to state (i.e., ) are very
similar. can have a low value for cases such as with bimodal
gene expressions where thresholds are selected to divide the dis-
tinct modes. We should also note that calculated by (14) can
be large due to limited instances of largely different ’s
among . In other words, for an and ,
most for can be similar but can
be large due to the few largely different ’s. We should
note here that since can be huge, the few
different can unnecessarily produce a weak bound for

using (16). To illustrate it further, let us
consider and is valid for

of ’s and where is valid
for the rest ’s. For this case, using (13) will produce

and thus Theorem V.1 will produce an upper-bound of at
least for . We will show next that the
upper bound for the expected value of
will be closer to which will be a much tighter bound as
compared to . Without loss of generality, let us assume that

is valid for
whereas is valid for .
Then assuming independence of and , we have
from (15)

(17)

For , will be very close to
and thus the upper bound for will be

closer to .
Based on Theorem V.1, we can study the difference between

the actual steady state distribution after application
of stationary control policy and the simulated steady state
probability distribution based on the reduced PBN model.

The steady-state probability distribution of is the so-
lution to the following linear equation:

(18)

(13)
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where is the identity matrix of size and the solution
vector is equal to . The residual for the approximate solution

is given by where the norm of provides
a measure of closeness of the approximate solution as compared
to the true solution [35].

from Theorem V.1 (19)

Another way, we can bound the difference is based on pertur-
bation bounds. For two Markov Chains with transition proba-
bilities and and sharing a common state space, the differ-
ence between the two stationary distributions can be bounded
by where or and are
some constants and refers to the th norm of the
vector and denotes the norm of the error ma-
trix which is equivalent to the maximum abso-
lute row sum of . The constants are usually referred to as
condition numbers and several of them have been studied in the
literature. Obviously, some of the condition numbers will yield
tighter bounds than the others and [36] gives a nice comparison
of the available bounds.

These perturbation bounds are mostly stated in terms of the
fundamental matrix or the group inverse of . The

fundamental matrix of the Markov Chain with transition proba-
bility matrix is defined by

(20)

where . The group inverse of is the unique
square matrix satisfying the relationships

(21)

The currently available condition numbers for bounding the 1
and norms of the perturbations in the steady-state distribu-
tions are [36]

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(14)

(15)

(16)
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Fig. 2. Steady State Probability Distributions � and � .

From Theorem V.1, and if the condition
number for is small, then we are sure that the outcome of the
control policy designed on when applied to the fine-scale
model will have coarse-scale behavior closely following .

VI. EXAMPLE I

We apply the reduction technique to a genetic toggle switch
where there are two competing proteins and , each of
which inhibits the transcription of the other [37], [38]. The
decay reactions and have propensities
and , respectively. The transcription of new copies of the
proteins are guided by the reactions and with
propensities and , respectively. Based on
[37], we consider and as the starting system.
We truncate the maximum number of protein molecules for
and to 39 resulting in a total number of
possible states for the CME. Based on the propensity func-
tions and parameter values and , the state
reaction matrix, , is generated and the continuous Markov
chain is approximated by a discrete chain using the following
equation with a time step of seconds.
The thresholds for binarization of the proteins and are
selected to be molecules.1 After binarization, the
two protein reduced network has states. We calcu-
lated the transition probabilities of the reduced model (PBN

) using (8). In our case, the Markov chain is ergodic
as all the states are communicating, recurrent and aperiodic.
Due to the ergodicity, has a unique steady state probability
distribution. The equivalence of the steady state probability
distribution of and the collapsed steady state probability
distribution of is shown in Fig. 2.

To study the effect of the control policy designed on the re-
duced network being applied to the original network, we con-
sider a control problem similar to (5). The control input is as-
sumed to increase the decay of the proteins by increasing the
value of the parameter to 0.1. Let denote the tran-
sition probabilities corresponding to the system with
and . denotes the transition probability matrix of
the PBN corresponding to calculated using (8). We con-
sider the control objective of reducing the number of steady state
molecules of and . In the PBN model, the control objec-
tive can be translated into increasing the steady state probability
mass of state 1 (corresponding to binary state ).
Thus, the desirable state is 1 and the undesirable states are 2,

1The threshold levels selected here are arbitrary but in real systems medicine
application, it will be decided based on the modes of the distribution corre-
sponding to cancerous and noncancerous states.

Fig. 3. Steady State Probability Distributions � and � .

3, and 4 (corresponding to binary states and
respectively). The cost of control is assumed to be 0.2 and the
states are assigned penalties as follows:

if
if
if
if

(29)

The discount factor for the simulation is taken to be 0.9.
Using dynamic programming, we generated the following op-
timal stationary control policy: No control when in state 1 and
application of control when in states 2, 3, and 4. The designed
control policy is applied to the reduced PBN model and the de-
tailed CME model. For the detailed CME model, the control
policy for the states to are same as the control policy
for the state of the PBN. The steady state distribution of
the PBN and the collapsed steady state distribution
of the CME model after application of the control policy are
shown in Fig. 3. We notice that the collapsed probability dis-
tribution is not exactly same as the controlled PBN prob-
ability distribution but is very close to it. The steady state
mass of the states with both and molecules less than 6 is
higher in the controlled CME model (0.483) than in the orig-
inal CME model (0.1956 as shown in Fig. 2). The for this
example calculated using (13) is 0.0562 and the maximum of

is 0.0061. Thus, our
bound based on Theorem V.1 is

which shows that the bound is quite
loose for this example. However, for systems with lower , we
are guaranteed to have similar to . Furthermore, can be
used as an heuristic for determining threshold levels. The in-
finity norm of the residual for the approximate
solution for this example is which is less
than as proved in (18). The tightest condition number for this
example was which upper bounds by

. for this ex-
ample is actually 0.04 which is less than the upper bound of
0.69. It however shows that the bound based on condition num-
bers is highly weak for this case.

Another parameter that can influence the difference between
and is used to convert the continuous time Markov

chain to discrete time Markov chain. We next observe the
change in with . In Fig. 4, we plotted versus at inter-
vals of 0.5 seconds starting at 0.1 second. We notice that the
value of monotonically increases at first reaching a maximum
and then monotonically decreases. The minimum value of
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Fig. 4. Plot of � versus ��.

will be zero when is extremely large as that will signify the
steady state transition probability matrix with all rows equal to
the steady state probability vector. A lower to discretize the
continuous time CME model will keep the value of low but
a control policy designed for extremely low values of will
not be implementable in practice as a drug cannot be provided
or removed in extremely small time periods. Furthermore, a
control policy designed using a model discretized at extremely
low will require the cost of control to be much smaller. For
instance, if we change of the current example from 0.1 to
0.01, the current cost of control will produce a control policy
of no action with steady state probability distribution of the
controlled chain equal to . However, if the cost of control is
changed to 0.02, then we have results similar to Fig. 3.

As the plot in Fig. 4 suggests, a high value of produces
lower . However, designing at high may not produce the
desired control outcome as the network will not be controlled
for long periods of time. To illustrate, let us consider that

is extremely large (large enough to reach steady state be-
havior) and thus and will have all rows equal to
and respectively. In this scenario, let us denote the controlled
(stationary control policy) transition probability matrix by
whose rows are either or . Then,

Theorem VI.1:
.

Proof:

Thus,

Consequently, if our objective is to produce
or for some , a

large will not produce that.
As mentioned earlier in Section I, the computational cost in-

volved in designing the control policy for a detailed model is
enormous. However, we have a manageable 1600 states in the
detailed model for this specific example allowing the genera-
tion of a control policy based on the SME model to check its
performance as compared to . For the 1600 state SME model,
we assumed a zero cost of control and the states are assigned
penalties as follows:

if
if

(30)

Fig. 5. Steady State Probability Distributions � and � .

TABLE I
PARAMETERS OF THE STOCHASTIC MASTER EQUATION MODEL

Let denotes the collapsed steady state distribution corre-
sponding to the controlled detailed model where the control
policy has been designed based on the detailed SME model.
Fig. 5 shows the steady states and . We observe that
outperforms by having more probability in the desirable
state 1 but the difference is not significant. This shows that the
policy designed on the reduced PBN is performing close to
the policy designed on the detailed SME with respect to the
collapsed steady state.

VII. EXAMPLE II

Our reduction procedure is also applied to a model rep-
resenting the life cycle of bacteriophage- [37], [38] which
involves five proteins . The decay reactions

for are with propensities for
. The generation reactions with their respective

propensities are as follows:
1) with propensity ;
2) with propensity ;
3) with propensity ;
4) with propensity ;
5) with propensity .

The generation reactions for the proteins originate from the
mechanism of transitions between two phases, lysogenic and
lytic, present typically in the life of a bacteriophage- . Al-
terations from one phase to another are regulated by a toggle
switch of two competing proteins and , which inhibit each
other’s transcription. In the lysogenic phase is abundant
while suppressing the production of via the reaction 1. The
generation of via reaction 2, on the other hand, depends on
the amount of . Under a stressed situation decreases as
the phage transitions into the lytic stage. The parameters , ,

are taken from [37] as shown in Table I.
The maximum number of protein molecules for , , ,
, and are truncated to be at 3, 24, 3, 3, and 2, respec-

tively so that the total number of possible states for the CME
is . Using the above propensity
functions and values for parameters the state reaction
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Fig. 6. Steady State Probability Distributions � and � .

matrix, is computed and the continuous Markov chain is ap-
proximated by a discrete chain using equation
with a time step of 0.1 seconds. The binarization of the
proteins is achieved using thresholds 2, 8, 2, 1, and 1, respec-
tively. After binarization, the five protein reduced network has

states. The transition probabilities of the reduced model
(PBN ) are calculated using (8). Since all the states are com-
municating, recurrent and aperiodic, the Markov chain is
ergodic and hence has a unique steady state probability dis-
tribution. The equivalence of the steady state probability distri-
bution of and the collapsed steady state probability dis-
tribution of is shown in Fig. 6.

Next, we proceed to study the effect of the control policy de-
signed on the reduced network being applied to the original net-
work. We consider the control objective of reducing the steady
state masses of the high states in Fig. 6. Thus, the undesirable
states are 16, 32 (corresponding to binary states ,
and , respectively), and all other states are desir-
able. Similar to the two gene case, the cost of control is assumed
to be 0.2 and the discount factor is taken to be 0.9. Using dy-
namic programming, we generated the following optimal sta-
tionary control policy: application of control when in states 16
and 32 and no control when in all other states. The designed
control policy is applied to both the reduced PBN model and the
detailed CME model. The control policy for the states
to in the detailed CME model are same as the control policy
for the state of the PBN. The steady state distribution of the
PBN and the collapsed steady state distribution of the
CME model after application of the control policy are shown in
Fig. 7. Similar to the two gene case, we observe that the col-
lapsed probability distribution and the controlled PBN prob-
ability distribution are very close to each other, though not
exactly the same. We also notice that the steady state mass of
the undesirable states is lower in Fig. 7 as compared to Fig. 6
while many of the desirable states have increased steady state
masses, indicating that the control is effective.

The for this example is 0.1487. Thus, according to The-
orem V.1, should be

. For this example, the maximum of
is 0.0335 which is less than

. The infinity norm of for this example is 0.0365.
The tightest condition number was which upper
bounds by .
This shows that the bound based on the condition number is not
providing any new information for this specific example. The
infinity norm of the residual for the approximate

Fig. 7. Steady State Probability Distributions � and � .

Fig. 8. Plot of � versus ��.

solution for this example is 0.0013 which is less than as
proved in (19).

To study the change in value of relative to , in Fig. 8
we plotted versus at intervals of 0.5 seconds starting at
0.1 second until 100 seconds. Then the interval was increased
to 10 seconds. We notice that the value of increases at first
reaching a maximum and then after two small oscillations de-
creases monotonically.

VIII. CONCLUSION

In this paper, we presented a reduction mapping from fine
scale stochastic models represented by CMEs to coarse-scale
models represented by PBNs. The mapping preserves the col-
lapsed steady state distribution of the CME model. We formu-
lated a parameter whose low value provides a sufficient con-
dition for similarity of the steady state probability distributions
of the controlled PBN and the collapsed steady state proba-
bility distribution of the controlled CME . Bounds on the dif-
ference in the steady state probability distributions of and
in terms of were derived. The effect of the control policy de-
signed using the reduced network when applied to the fine scale
model was evaluated through two biological examples. The sim-
ulations showed that the result of the control policy application
on the fine-scale model was not far away from the result ob-
served with the PBN model.
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